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1. Introduction and notation 

1.1. Introduction. In this paper we study a relationship between the represen- 
tation theory of certain rational double affine Hecke algebras (=RDAHA) and the 
representation theory of affine Kac-Moody algebras. Such connection is not new 
and appears already at several places in the literature. A first occurrence is Suzuki's 
functor |29) which maps the Kazhdan-Lusztig category of modules over the affine 
Kac-Moody algebra sl n at a negative level to the representation category of the 
RDAHA of sl m . A second one is a cyclotomic version of Suzuki's functor [3T] which 
maps a more general version of the parabolic category O of sl n at a negative level 
to the representation category of the cyclotomic RDAHA. A third one comes from 
the relationship between the cyclotomic RDAHA and quiver varieties, see e.g., [IB] , 
and from the relationship between quiver varieties and affine Kac-Moody algebras. 
Finally, a fourth one, which is closer to our study, comes from the relationship in 
[2"8] between the Grothendieck ring of cyclotomic RDAHA and the level £ Fock 
space J- m j of slm- in this paper we focus on a recent conjecture of Etingof [9 
which relates the support of the objects of the category O of H(F n ), the RDAHA 
associated with the complex reflection group T n = 6 n k (Z^) n , to a representation 
theoretic grading of the Fock space Ti — Ft,i- These conjectures yield in particular 
an explicit formula for the number of finite dimensional 77(r„)-modules. This was 
not known so far. The appearance of the Fock space Ti is not a hazard. It is due 
to the following two facts, already noticed in [5]. First, by level-rank duality, the 
sl m -module T m ,i carries a level m action on Ql e . It carries also a level 1 action 
on $l e , under which it is identified with Tg. Next, the category O of the algebras 
H(T n ) with n ^ 1 categorifies J- m ,i by [55]. Our proof consists precisely to inter- 
pret the support of the -ff (r n )-modules in terms of the s[ m -action on J- m ,e, and 
then to interpret this in terms of the sli action on J- p. An important ingredient is 
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a categorification (in a weak sense) of the action of the Heisenberg algebra on Tg 
and Fm,t- The categorification of the Heisenberg algebra has recently been studied 
by several authors. We'll come back to this in another publication. 

1.2. Organisation. The organisation of the paper is the following. 

Section 2 is a reminder on rational DAHA. We recall some basic facts concerning 
parabolic induction/restriction functors. In particular we describe their behavior 
on the support of the modules. 

Section 3 contains basic notations for complex reflection groups, for the cyclo- 
tomic rational DAHA H(T n ) and for affine Lie algebras. In particular we introduce 
the category 0(T n ) of i?(r„)-modules, the functor KZ, Rouquier's equivalence from 
0(& n ) to the module category of the £-Schur algebra. Next we recall the categorifi- 
cation of the Fock space representation of sl m in [2S], and we describe the filtration 
by the support on 0(T n ). 

Section 4 is more combinatorial. We recall several constructions related to Fock 
spaces and symmetric polynomials. In particular we give a relation between sym- 
metric polynomials and the representation ring of the group r„, and we describe 
several representations on the level I Fock space (of Heisenberg algebras and of 
affine Kac-Moody algebras). 

Section 5 is devoted to the categorification of the Heisenberg action on the Fock 
space, using 0(T n ). Then we introduce a particular class of simple objects in 0(T n ), 
called the primitive modules, and we compute the endomorphism algebra of some 
modules induced from primitive modules. Finally we introduce the operators d\ 
which are analogues for the Heisenberg algebra of the Kashiwara's operators e q , f q 
associated with Kac-Moody algebras. 

Section 6 contains the main results of the paper. Using our previous construc- 
tions we compare the filtration by the support on 0(T n ) with a representation- 
theoretic grading on the Fock space. This confirms a conjecture of Etingof, yield- 
ding in particular the number of finite dimensional simple objects in 0(T n ) for 
integral ^"-charge (this corresponds to some rational values of the parameters of 
H(T n )). 

Finally there are two appendices containing basic facts on Hecke algebras, Schur 
algebras, quantum groups, quantum Frobenius homomorphism and on the universal 
R-matrix. 

1.3. Notation. Now we introduce some general notation. Let A be a C-category, 
i.e., a C-linear additive category. We'll write Z(A) for the center of A, a C-algebra. 
Let Irr(.4) be the set of isomorphism classes of simple objects of A. If A = Rep(A), 
the category of all finite-dimensional representations of a C-algebra A, we abbre- 
viate 

Irr(A) = Irr(Rep(A)). 

For an Abelian or triangulated category let K(A) denote its Grothendieck group. 
We abbreviate K(A) = AT(Rep(A)). We set 

[A] = K{A) ® C. 

For an object M of A we write [M] for the class of M in [A]. For an Abelian 
category A let D h (A) denote its bounded derived category. We abbreviate D b (A) = 
D h (Rep(A)). The symbol iPQp™- 1 ) w m denote both the complex 

771—1 

(m) = C[-2i] € D b (C) 

i=0 

and the integer m in K (C) = Z. Given two Abelian C-categories A, B which are 
Artinian (i.e., objects are of finite length and Horn's are finite dimensional) we 
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define the tensor product (over C) 

® : Ay. B ^ A®B 

as in [H sec. 5.1, prop. 5.13]. Recall that for A — Rep(A) and B = Rep(B) we 
have A <E> B — Rep(A ® B). Given a category A and objects A, A' 6 A, we write 
Hom_A(A, A') for the collection of morphisms A — > A'. Given categories A, B 
and functors F, F' : A — > B we write Hom(F, F') for the collection of morphisms 
F — > F'. We denote the identity morphism A — > A by 1a and the identity morphism 
F -» F by 1 F . Given a category C and a functor G : B — > C let G o i* 1 be 
the composed functor ,4 — » C. For a functor G' : B —> C and morphisms of 
functors <j> € Hom(F, F'), ip g Hom(G, G') we write ip<f> for the morphism of functors 
GoF^G'of given by 

(#)(4)=^(f'(4))oG(^(i)) eHomc(G(F(A)),G'(F'(^))), A e A. 

1.4. Acknowledgments. We are grateful to I. Losev for a careful reading of a 
preliminary draft of the paper. 



2. Reminder on rational DAHA's 

2.1. The category 0(W). Let W be any complex reflection group. Let f) be the 
reflection representation of W. Let S be the set of pseudo-reflections in W. Let 
c : S -> C be a map that is constant on the VF-conjugacy classes. The rational 
DAHA attached to W with parameter c is the quotient H(W) of the smash product 
of CW and the tensor algebra of f) © f)* by the relations 

[x,x'] = 0, [y,y']=0, [y, x] = (x, y) - c s (a s , y)(x, a s )s, 

for all x,x' € fj*, J/, y' G (). Here (•,•) is the canonical pairing between f)* and (), 
the element a s is a generator of Im(.s|i v « — 1) and a s is the generator of Im(s|f, — 1) 
such that (a s ,a s ) = 2. Let R x , R y be the subalgebras generated by f)* and f) 
respectively. We may abbreviate 

C[fj] = i?„ CRf] = 

The category O of fl" (W) is the full subcategory O(W) of the category of H(W)- 
modules consisting of objects that are finitely generated as C[f)]-modules and ()- 
locally nilpotent. We recall from [T2J sec. 3] the following properties of 0(W). It is 
a quasi-hereditary category. The standard modules are labeled by the set Irr(CW) 
of isomorphism classes of irreducible IF-modules. Let A x be the standard module 
associated with the module x G Irr(CM / ). It is the induced module 

A x =Ind^ ( ^2 H (x). 

Here x i s regarded as a W (X -R^-module such that \)* C R y acts by zero. Let L x , 
P x denote the top and the projective cover of A x . 

Remark 2.1. The definitions above still make sense if t) is any faithful finite dimen- 
sional CVT-module. To avoid any confusion we may write 



0(W, f)) = 0(W), H(W, fj) = H(W). 
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2.2. The stratification of t). Let W be a complex reflection group. Let f) be the 
reflection representation of W. For a parabolic subgroup W C W let X^, be the 
set of points of f) whose stabilizer in W is conjugate (in W) to W. By a theorem 
of Steinberg, the sets X^, h , when IT' runs over a set of representatives of the W- 
conjugacy classes of parabolic subgroups of W, form a stratification of f) by smooth 
locally closed subsets, see also [11] sec. 6] and the references there. Let Xw' be 
the closure of X^, in f). To avoid any confusion we may write X^, ^ = X^, and 
Xw',t] — Xw> ■ The set Xw',f) consists of points of f) whose stabilizer is VF- conjugate 
to W'. We have 

Xw\b = \_\X^„ h , 

where the union is over a set of representatives of the IT-conjugacy classes of the 
parabolic subgroups W" of W which contain W . Further, the quotient Xw^jW 
is an irreducible closed subset of i)/W. 

2.3. Induction and restriction functors on 0(W). Fix an element b £ f). Let 
Wb CWbe the stabilizer of b, and 

7r b : f) -»• fj/f)^ 

be the obvious projection onto the reflection representation of Wb- The parabolic 
induction/restriction functor relatively to the point b is a functor [T] 

Ind h : 0(W b , t)/i) Wb ) -> 0(W, t)), Rcs b : 0(W, f)) -> 0(W b , l)/l) Wb ). 

Since the functors Ind;,, Res^ do not depend on b up to isomorphism, see [2 sec. 3.7], 
we may write 

°Ind^ b = Ind b , °Res% b = Res b 
if it does not create any confusion. The support of a module M in 0(W, f)) is the 
support of M regarded as a C[f)]-module. It is a closed subset Supp(Af ) C f). For any 
simple module L in 0{W, t)) we have Supp(L) = Xw>,b for some parabolic subgroup 
W C W. For b £ X^yi h the module ReSb(L) is a nonzero finite dimensional module. 
See [U sec. 3.8]. The support of a module is the union of the supports of all its 
constituents. So the support of any module in 0(W, f)) is a union of Xw> .h' s - Let 
us consider the behavior of the support under restriction. 

Proposition 2.2. Let W' C W be a parabolic subgroup. Let [)' be the reflection 
representation of W . Let X C t) be the support of a module M in 0(W,t)). Let 
X' C f)' be the support of the module M' = °Res{^,(M). 

(a) We have M' ^ if and only if Xw'fy C X. 

(b) Assume that X = Xw"fy with W" C W a parabolic subgroup. Lf M' 
then W" is W -conjugate to a subgroup ofW and we have 

X' = |J X WlA > = [Jl^j,,, 

Wi Wi 

where W\ runs over a set of representatives of the W ' -conjugacy classes of parabolic 
subgroups of W containing a subgroup W -conjugated to W" . 

Proof. Part (a) is immediate from the definition of the restriction, because for b £ f) 
it implies that Res&(M) ^ if and only if b £ X. Now we prove (b). For a parabolic 
subgroup W\ C W we have 

X Wu¥ c X' <=> °Res^(M') ? 

<=> °Res^(M)^0 

^=> X-Wx,t> c Xw",t>- 

Here the first and third equivalence follow from (a), while the second one follows 
from the transitivity of the restriction functor [551 cor - 2.5]. Therefore X^ Vl hi C X' 
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if and only if Xw ± s>' C X' if and only if W\ contains a subgroup W-conjugate to 
W". 

□ 

Remark 2.3. For any closed point b of a scheme X we denote by X£ the completion 
of X at b (a formal scheme). Assume that M' — °ResJ^/(M) is non zero. Let tt 
be the canonical projection f) — > ()' = lj/f) vl/ . For b G X^, ^ the definition of the 
restriction functor yields the following formula 

oevr-^x'), x£ = b + ir- 1 {X%. 

Next, we consider the behavior of the support under induction. Before this we 
need the following two lemmas. The C-vector space [©(l/F)] is spanned by the set 
{[A x ]; x G Irr(CW)}. Thus there is a unique C-linear isomorphism 

spe : [Rep(CtF)] -> [0{W% [ X ] h> [A x ]. (2.1) 

The parabolic induction/restriction functor is exact. We'll need the following 
lemma [T]. 

Lemma 2.4. Let W' C W be a parabolic subgroup. Let f)' be the reflection repre- 
sentations ofW'. Under the isomorphism \2.1\) the maps 

°Ind^ : [0(W, \)')] -+ [0(W, &)], °Res^, : [0(W, J))] [0(W, ()')] 

coincide with the induction and restriction 

Ind{£, : [Rep(CW)] -> [Rep(ClF)], Res]^, : pftep(CTT)] -»• [Rep{CW% 

We'll also need the following version of the Mackey induction/restriction theorem. 
First, observe that for any parabolic subgroup W' C W and any x G W there is a 
canonical C-algebra isomorphism 

tp x : H(W') ^ Hix^W'x), wt+x^wx, f^x^fx, f'^x^f'x, 
for w G W', f G R x , f G R y . It yields an exact functor 

0(W") -»• OfaT 1 !^'*), M^ X M, 
where r M is the H (x~ 1 W x)-modu\e obtained by twisting the i/(TF')-action on M 
by <p x - 

Lemma 2.5. Lei W , W" C W be parabolic subgroups. Let t)' , f)" be the reflection 
representations of W , W" . For M G 0(W',t)') we have the following formula in 

[o{w"X)\ 

Res!£,,o°Ind^([A/]) = £°Ind^ (2.2) 

X 

where x runs over a set of representatives of the cosets in W' \ W/W" . 

Proof. Use Lemma [2.41 and the usual Mackey induction/restriction theorem asso- 
ciated with the triplet of groups W, W, W" . □ 

Remark 2.6. For a future use, note that the left hand side of (|2.2[) is zero if and 
only if each term in the sum of the right hand side is zero, because each of these 
terms is the class of a module in 0(W", f)"). 

Now, we can prove the following proposition. 

Proposition 2.7. Let W" C W C W be a parabolic subgroups. Let f)' be the 

reflection representation ofW'. For a simple module L G 0(W , I)') with Supp(-L) = 
Xw",t)', we have 

°Ind^,(L) + 0, Supp(°Ind^,(L)) = X W » A . 
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Proof. First, note that Ind|^, (L) ^ by Lemma \2. 5 1 because 

Res^o°Ind^([L])-[L] + [Af] 

for some M G 0(W, E)') and [L] ^ 0. Therefore °Ind^,(X) ^ 0. We abbreviate 
M = c 'lndJ^/(L). To compute the support of M we first check that 

Xw,i) C Supp(M). 

By Proposition 12. 21 we have 

Xht//,! C Supp(M) <s=> X^„ >6 C Supp(M) 
<=> °ResgP„(M)^0. 
By Remark 12.61 the last equality holds if and only if 

°Res xW „ x -i nw ,(L) ^ 
for some x S VF. This identity is indeed true for x = 1 because VF" C and 

y = Supp(L) =► °Res^,(L) ± 0. 
Next we prove the inclusion 

Supp(M) C Xw",f)- 

Any point b of \)\Xw,t, is contained in the set Xyy,„ t for some parabolic subgroup 
W" C such that W" is not conjugate to a subgroup of W'" : it suffices to set 
W" = Wb- We must check that for such a subgroup W" C W we have 

X^„, A t Supp(Af). 

By Proposition 12 . 21 it is enough to check that 

Res^,„(Af) =0. 

Now, by Lemma T2.5I we have the following formula in [0(W", ())] 

Res^4[M])=E 0lnd ^ ;; n,-^',° x ( Res^,„ x - lnW ,([L])). 

X 

Here a; runs over a set of representatives of the cosets in W \ W/W". Since W" is 
not conjugate to a subgroup of W" it is a fortiori not conjugate to a subgroup of 
xW"'x~ x n W, i.e., we have 

Therefore Proposition 12.21 yields 

Kes xW ,,, x -i nW ,(L) = 0, 
because Supp(L) = Xw".t)'- This implies that 

°Res^„,([M])=0. 

Hence we have also 

°Res^„(M)=0. 

We are done. □ 
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3. The cyclotomic rational DAHA 

3.1. Combinatorics. For a sequence A = (Ai, A2, . . . ) of integers ^ we set |A| = 
Ai + A 2 + • • • . Let 

A(f, Il ) = {A = (A 1 ,A 2 ,...A ( )eN l ; |A| = n}. 

It is the set of compositions of n with £ parts. Let V n be the set of partitions of 
n, i.e., the set of non-increasing sequences A of integers > with sum |A| = n. We 
write A' for the transposed partition and ^(A) for its length, i.e., for the number of 
parts in A. We write also 

z x = l[i mi m i \, (3.1) 

where is the number of parts of A equal to i. Given a positive integer m and a 
partition A we write also 

raA = (mAi, 771A2 , . . . ). 

To any partition we associate a Young diagram, which is a collection of rows of 
square boxes with Ai boxes in the i-th row, i = 1,...,/(A). A box in a Young 
diagram is called a node. The coordinate of the j-th box in the i-th row is the pair 
of integers (i, j). The content of the node of coordinate (i, j) is the integer j —i. Let 
the set Vo consist of a single element, the unique partition of zero, which we denote 
by 0. Let V — |_| n>0 V n be the set of all partitions. We'll abbreviate Z^ = Z/£Z. 
Let V e be the set of (.-partitions, i.e., the set of all partition valued functions on Z^. 
Let be the subset of ^-tuples A = (A(p)) of partitions with |A| = ^ |A(p)| = n. 
Let r be the group of the ^-th roots of 1 in C x . We define the sets V T , of 
partition valued functions on T in the same way. 

3.2. The complex reflection group T n . Fix non negative integers £, n. Unless 
specified otherwise we'll always assume that £, n ^ 0. Let & n be the symmetric 
group on n letters and T n be the semi-direct product & n tx T n , where T n is the 
Cartesian product of n copies of T. We write also 60 = T° = r = {1}. For 
7 G T let ji G T™ be the element with 7 at the i-th place and with 1 at the other 
ones. Let Sjj be the transposition (i,j) in & n . We'll abbreviate Sj = Sj,i+i. Write 
s lj = SijlilJ 1 for 7 G T, z ^ j. For p G Z^ let \p '■ T — > C x be the character 
7 i-> 7 P . The assignment p i-> \p identifies Z^ with the group of characters of V. 
The group T n is a complex reflection group. For £ > 1 it acts on the vector space 
b = C n via the reflection representation. For £ = 1 the reflection representation is 
given by the permutation of coordinates on the hyperplane 

C5 = {n + -ii„ = o}cC" 

We'll be interested in the following subgroups of T n . 

• To a composition v of n we associate the set 

J = {1,2, . . .,n - 1} \ {1/1,1/1 + v 2 , . . .}■ 

Let Tj, = 6„ k r n , where @„ = &i is the subgroup of 6„ generated by the 
simple reflections Sj^+i with i G I. 

• For integers m, n ^ and a composition v we set V njV = T n x & v . If 
v = (m J ) for some integer j ) we abbreviate T n i m j^ — T n<v . We write 
also r„ jTO = T„ x & m . Any parabolic subgroup of T n is conjugate to T^ v 
for some I, v with i + \v\ ^ n. 



HEISENBERG AND CHEREDNIK 



9 



3.3. Definition of the cyclotomic rational DAHA. Fix a basis (x,y) of C 2 . 
Let Xi, yi denote the elements x,y respectively in the i-th summand of (C 2 )®". 
The group T n acts on (C 2 )®" such that for distinct i, j, k we have 

li{xi) = J^xu ji(xj) = xj, 7i(2/i) = 73/i, 7i(2/j) = yj, 

S%j{Xi) — Xj, Sij(yi) — y j , Sij(Xfc) x^, Sij(yk) Vh- 

Fix k € C and c 7 G C for each 7 £ T. Since T n is a complex reflection group with 
the reflection representation f) equal to (C 2 )®", see above, we can define the algebra 
H(W) = H{W, f)) for VF = T n . We'll call £T(r„) the cyclotomic rational DAHA. It 
is the quotient of the smash product of Cr„ and the tensor algebra of (C 2 )®" by 
the relations 

[yi,Xi] = -k^^slj -^c 7 7j, ci = -l, 

[yi,Xj] = k^2s]j iiiy^j, 
[xi,^-] = [yuyj] = 0. 

Let i?^, R y be the subalgebras generated by x\, X2, ■ ■ ■ , x n and y\, y2, . ■ . , y n respec- 
tively. We'll write f), f)* for the maximal spectrum of R x , R y . The C-vector space [) 
is identified with C™ in the obvious way. We'll use another presentation where the 
parameters are ft, h p with peZ( where k = —h and — c 7 = X^ez<, l~ p h p - Note 
that 1 = ^2 p h p . 

3.4. The Lie algebras sit and sl^. Given complex numbers h p , p e Zg, with 
S P ftp = 1, it is convenient to consider the following level 1 weight 

K = ^h p u p . (3.2) 

p 

Here the u p s are the fundamental weights of the affine Lie algebra 

sk = {sh ® <C[w, w- 1 ]) © Cl, 

where 1 is a central element and the Lie bracket is given by 

[x(g>w r ,y <E)w s ] = [x,y] <Z>m r+s + r(x,y)6 r - s l, (x, y) = r(xy f ), (3.3) 

where y y* is the transposition and r is the trace. The affine Lie algebra sie is 
generated by the symbols e p , f p , p = 0, . . . , I — 1, satisfying the Serre relations. For 
p^Owe have 

e P = e PlP +i <S> 1, e = e^i ® ro, / p = e p+ i )P <S> 1, /o = ei^ (8) ro -1 , 

where ep j? is the usual elementary matrix in slg. We'll also use the extended affine 
Lie algebras sle, obtained by adding to sle the 1-dimensional vector space spanned 
by the scaling element D such that [D,x ® w r ] = rx <g> m r and [D, 1] = 0. Let 5 
denote the dual of D, i.e., the smallest positive imaginary root. We equip the space 
of linear forms on the Cartan subalgebra of s\i with the pairing such that 

(u p ,uj g ) = mm(p,q) -pq/l, (w p ,6) = l, (6,6) =0. 

Let U(sle) be the enveloping algebra of sit, and let U~(sle) be the subalgebra 
generated by the elements f p with p = 0, . . . ,1 — 1. For r^Owe write U~ (sle) r for 
the subspace of U~(sle) spanned by the monomials whose weight is the sum of r 
negative simple roots. 
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3.5. Representations of <5„, T n . The set of isomorphism classes of irreducible 
6„-modules is 

Irr(Ce„) = {Z A ;Ae7\}, 
see [24] sec. 1.9]. The set of isomorphism classes of irreducible r„-modules is 

Irr(Cr„) = {Z A ;Ae^}, 

where L\ is defined as follows. Write A = (A(p)). The tuple of positive integers 
v\ = (|A(p)|) is a composition in A(£, n). Let 

iA (p) (x P -i)^ |A(p)l eirr(cr| A(p) |) 

be the tensor product of the ©| A ( p )|-module Lu p \ and the one-dimensional r^P- 1 !- 
module (x p _i)® |A(p)l . The r n -modulc Z A is given by 

t t jr„ (7 ®|A(1)| „ r ®I A ( 2 )I ^ f /i \ 

L A = Ind r ^ (^A(i)X^ ® l a(2)Xi ® • • • ® L X {i)Xi-\ )■ ( 3 - 4 ) 

3.6. The category 0(T n ). Consider the C-algebra H(T n ) with the parameter A 
in (|3.2I) . The category of H(T n ) is the quasi-hereditary category 0(T n ). The 
standard modules are the induced modules 

A A =Ind^(X A ), \erl 

Here L\ is viewed as a T„ x i? y -module such that yx,...y n act trivially. Let L\, 
P\ denote the top and the projective cover of A A . Recall the C- linear isomorphism 

spe : [Rep(Cr„)] -)• [0(T n )}, [L x ] ^ [A A ]. (3.5) 

To avoid cumbersome notation for induction/restriction functors in 

o(r) = 0o(r n ) 

we'll abbreviate 

°Ind„ = °Ind^_ 1 , °Res„ = °Res^_ i , 

°Ind n , (mn = °Ind^+™; ) , Res„ !(m ,) = °Res^+^, (3.6) 

°Ind -0 In d r "+— °R CS - c, Res r " +mr 

We write also 

°Ind (mr) = °Ind|^" : 0{& r m ) -> 0(6 mr ), 
°Res (m .) = °Resf r : 0(6 mr ) -> 0(6^). 

3.7. The functor KZ. For ( e C x and vi, v 2 , • • . , ^ S C x let H c (n,£) be the 
cyclotomic Hecke algebra associated with T n and the parameters £, ui, . . . , ve, see 
Section |A~2] We'll abbreviate H(T„) = H c (ra,£). Assume that 

£ = exp(2z7r/i), u p = v\ exp(— 2m{h\ + h,2 ^ h ^p-i)) • 

Then the KZ-functor [12] is a quotient functor 

KZ : C(r n ) -> Rcp(H(r„)). 

Since KZ is a quotient functor, it admits a right adjoint functor 

S : Rep(H(r n )) 0(T n ) 

such that KZ o S — 1. By [T2l thm. 5.3], for each projective module Q € 0(r n ) the 
canonical adjunction morphism 1 — > S o KZ yields an isomorphism 

Q-»S(KZ(Q)). (3.7) 
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3.8. The functor R. Let H^(m) be the Hecke C-algebra of GL m , see Section [A.21 
Let S^(m) be the C-Schur C-algebra, see Appendix [Bj The module categories of 

(m) , (to) are related through the Schur functor 

: Rep(S c (m)) -> Rep(H c (m)). 

Set 

A(to)+ = A(m, m)nZ™ , Z™ = {A = (Ai, A 2 , . . . , A m ) G Z m ; Ai > A 2 > ■ • • > A m }. 

The category Rep(S^(TO)) is quasi-hereditary with respect to the dominance order, 
the standard objects being the modules Af with A £ A(m)+. The comultiplication 
A yields a bifunctor (|B.6|) 

® : Rep(S c (m)) <g> Rep(S^(m')) Rep(S c (m + m')). 

Now, assume that /i is a negative rational number with denominator d and let 
C £ C x be a primitive d-th root of 1. Recall that h is the parameter of the C- 
algebra H(& m ). If h ^ 1/2 + Z then Rouquier's functor [27] is an equivalence of 
quasi-hereditary categories 

i?:0(e m )^Rep(S c (m)), A A ^ Af , 

such that KZ = $* ofi. For m = m' + m" we have a canonical equivalence of 
categories 0(& m ')®0(& m ") = 0(& m i x & m ") and the induction yields a bifunctor 

°Ind w ,m» : O(6 m ® ^(©m") 0(S m ). (3.8) 

We'll abbreviate 

0(6) =0O(6„), Re P (S c ) = 0Rep(S c (n)). 

Proposition 3.1. For h 1/2 + Z i/ie functor R is tensor equivalence 0{&) — > 
Rep(S c ). 

Proof. We must check that i? identifies the tensor product <g> with the induction 
(|3.8p . First, fix two projective objects AT G 0(6 m ') and Y G 0(6 m »). We have 

(i?(x)®i?(y)) = H ind m >, m « g) $*j?(y)) 

= H Ind m /, m „ (KZ(X) ® KZ(Y)) 

= KZ(°Ind mW ,(X(8>y)) 

= $*i?(°Ind m%m »(X®T)). 

The first equality follows from Corollary IB .41 the second one and the fourth one 
come from KZ = $* o R : and the third one is the commutation of KZ and the 
induction functors, see [55]. Since the modules R(X)®R(Y) and R{°lnd m ' , m " (X<E> 
Y)) are projective, and since <&* is fully faithful on projectives we get that 

R(X)<E>R(Y) = R(°Ind m ,, m »(X®Y)). 

Now, since the functors (|B .6|) . (|3.8[) are exact and coincide on projective objects, and 
since the category 0(G m ) has enough projectives, the proposition is proved. □ 

3.9. The categorification of sl m . Recall that Z(0(T n )) is the center of the cat- 
egory 0{T n ). Let D n (z) be the polynomial in Z(0(T n ))[z] defined in [28j sec. 4.2]. 
For any a £ C(z) the projection to the generalized eigenspace of D n (z) with the 
eigenvalue a yields an exact endofunctor Qn,a of 0(r„). Next, consider the point 

b n = (0,0,..., 0,1) G f), h = C". 

The induction and the restriction relatively to b n yield functors 

°Ind„ : 0(r n _i) -> C(r n ), °Res„ : 0(T n ) -> C(r n _i). 
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Definition 3.2. [25J sec. 4.2] The q-restiction and the q-induction functors 
e, : 0(r„) 0(r n _i), f q ; 0(r n _i) -> 0(T n ), 9 = 0, 1, . . . , m - 1 
are given by 

e « = ® Qn-i,a/(j-o o °Res„ o Q„ !a , 

a£C(z) 

= © Qn,a( 2 -c?) o Ind„oQ„_ M . 

We'll abbreviate 

£ = e © ei © • • • © e ro _i, F = f © /i © • • • © / m _i. 

Following [251 sec. 6.3], for L £ Irr(C(r)) we set 

g,(L) = top(e,(L)) ) f q (L)=soc(f q (L)), e q (0) = f q (0) = 0. 

Now, for each n we choose the parameters of H(T n ) in the following way 

h=—l/m, hp = (sp+i — s p ) /to, s p e Z, p / 0. (3.9) 

The following hypothesis is important for the rest of the paper : 
/rom now on we '11 always assume that m > 1 . 
The C-vector space [O(r)] is canonically isomorphic to the level I Fock space 
associated with the £-charge s = (s p ), see (|5.20[) below for details. The latter is 
equipped with an integrable representation of si m of level £, see Section |4~61 below. 

Proposition 3.3. (a) The functors e q , f q are exact and biadjoint. 

(b) We have E = °Rcs„ and F = °Ind n . 

(c) For M £ 0{T n ) we have E(M) = (resp. F(M) = 0) iff E{L) = 
(resp. F(L) = 0) for any constituent L of M . 

(d) The operators e q , f q equip [0{T)\ with a representation of sl m which is iso- 
morphic via the map H5.20\) to F^\. 

(e) The tuple (Irr(0(T)), e q , f q ) has a crystal structure. In particular, for L, V £ 
Irr(C(r)) we have e q (L)J q (L) E Irr(0(T)) U {0}, and e q (L) = L' if and only if 
f q (L')=L. 

Proof. Parts (a), (6) follows from [25J prop. 4.4], part (e) is contained in [25J 
thm. 6.3], part (c) is obvious, and part (d) is 28, cor. 4.5]. □ 

3.10. The filtration of [C(r„)] by the support. Fix a positive integer n. As- 
sume that I > 2. In this section we consider the tautological action of T n on C 71 . 
For an integer I ^ and a composition v such that I + ^ n we abbreviate 
X^ v — X^t) and Xi, v — Xy/fy where W = V^ v . If v — (m?) for some integer j ^ 
such that I + jm ^ n we write 

= X l>v , Xij = X^ v . 

Therefore Xij is the set of the points in C" with I coordinates equal to zero and 
j collections of m coordinates which differ from each other by ^-th roots of one. 
To avoid confusions we may write Xi .^c™ = Unless specified otherwise, for 

I, j, m, n as above we'll set 

i = n — I — jm. (3.10) 

Definition 3.4. For i,j^0 we set 

lTr(0(T n )) itj = {Le Irr(G(r„)) ; Supp(L) = X u }. 
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Definition 3.5. For i,j ^ let Fij(T n ) be the C-vector subspace of [C(r„)] 
spanned by the classes of the modules whose support is contained in Xij, with I as 
in ([3~10| . If i < or j < we write F itj (T n ) = 0. 

Definition 3.6. We define a partial order on the set of pairs of nonnegative integers 
(i,j) such that i + jm ^ n given by ^ («, j) if and only if Xiiji C where 

I = n — i — jm and V = n — i' — j'm. 

Since the support of a module is the union of the supports of all its constituents, 
the C-vector space Fij(T n ) is spanned by the classes of the modules in Irr(0(T ra )) 
whose support is contained in Xij, or, equivalently Fij(T n ) is spanned by the 
classes of the modules in 

|J lrr(0(r„))^. 

Remark 3.7. We have \J id F id (T n ) = [0(T n )]. Indeed, for L E Irr(C(r„)) we have 
Supp(L) = Xi. M for some see Section 12^1 For b 6 X^ the H(Ti^)-modu\e 
Res;,(L) is finite dimensional. Thus, since the parameter h of H(Yi u ) is equal to 
— 1/m the parts of v are all equal to m. Hence we have Supp(L) = Xij for some 
l,j as above. 

The subspaces Fij(T n ) give a filtration of [(9(r n )]. Consider the associated graded 
C-vector space 

gf(T«)=©gr w (T n ). 

i,j 

Note that the C-vector spaces Fij(T n ) and gr i;) (r n ) differ slightly from the cor- 
responding objects, denoted by FijK and grfjK , in [9l sec. 6. 5]. The images 
by the canonical projection Fij(T n ) — > gr, j(T n ) of the classes of the modules 
in Irr(C(r„))ij- form a basis of the C-vector space gr^^n). So we may regard 
gr 4 -(r n ) as the subspace of [C(r„)] spanned by lrr(0(r„)) ij -. We'll abbreviate 

F it .(T n ) =J2 F iA T n), F. t3 (T n ) = ^F 2J (r„), 

j » 

g^.( r «) = ©K,f(rn), gr.,i(r„) = 0gr^.(r„). 

3 i 

Now, let us study the filtration of [0(r„)] in details. The subgroup r ; ( m j) of T n is 
contained in the subgroups F/ +1 ( m j), r ; ,( m 3+i) and r; +m ( m j-i) (up to conjugation 
by an element of r„) whenever such subgroups exist. Thus we have the inclusions 

Xi+ij, Xij+i, X/ +mj -_i C Xij, 

Fi— l s _j (r^J, Fi — rn.j + 1 (Tn), Fj^j— 1 (T n ) C -Fi^'(F n ). 

Proposition 3.8. (a) We have 

Xi'.j' C Xij <^=^ C Xi + ij U Xij + i Ulj^j-i. 

(7>J FFe /iawe an isomorphism of <C-vector spaces 

&ij(r n ) = F iJ (r„)/(F i _ w (r n ) + Fj_ mj+ i(r„) + F w _i(r n )). 

Proof. First we prove (a). Recall that is the set of the points in C™ with I 
coordinates equal to zero and j collections of m coordinates which differ from each 
other by £-th roots of one. Therefore we have 

Xi'j, C Xij i - %' ^ max(0, (f - j)m). (3.11) 
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In particular this inclusion implies that I' ^ We must prove that 

First, assume that V = I. Since Xi>^> C Xij we have i > i'. Then (|3.10[> implies 
that i—i' = (j'—j)m, hence that j' > j and i—i' m. So i—i' max(m, (j' —j)m), 
and (|3.11D implies that -Xj/jv C 

Next, assume that / + m > I' > I. Since -Xj/j/ C .Xjj we have i ^ z'. Further 
(|3.10[) implies that i — i' > (j' — j)m and i' — i > (j — j' — l)m. Thus i ^ i' implies 
indeed that i > i' and j' > j. So i — 1 — i' ^ max(0, (j' — j)m), and (|3 . 1 1 1) implies 
that Xpj' c X i+1J . 

Finally, assume that I' ^ I + m. Since Xy t f C Xij we have z i' . Further 
(|3.10p implies that i — i' ^ (j' — j + l)m. So z — z' max(0, (j' — j + l)m), and 
(|3.11[) implies that -XV ,y C Xi+ m j-i. 

Part (6) is a consequence of (a) and of the definition of the filtration on [C(r ra )]. 

□ 

Remark 3.9. The sets Xi+ij, X^j + i, X; +mj _i do not contain each other. Indeed, 
the variety Xij has the dimension i + j. Thus the codimension of Xi+i j, Xij+i, 
-Xz+m.j-i in Xij are l,m — 1, 1 respectively. However, since a point in has 
only I coordinates equal to 0, we have -Xjj+i <f_ Xi+xj and -Xy+i <£. Xi +m j^i. 

Remark 3.10. We have F. :0 (T n ) = [0(r n )], because < (i + jm,0). 

Remark 3.11. We have (i',j r ) (0, j) if and only if i' = and j' ^ j. 

Remark 3.12. Consider the set 

-Fij(rn) = Fjy(r„) \ (Fi-ij(T n ) + Fi^ m j + i(T n ) + Fjj-_i(r n )). 
For L € Irr(C(r n )), by Proposition 13. 81 and Remark 13.71 we have 
[L] G Fij(r n )° <=^ Supp(L)=X u 

Lelrr(0(r n ))y, 

Remark 3.13. A representation is finite dimensional if and only if its support is 
zero. Thus Irr(0(r rl ))o ) o is the set of isomorphism classes of finite dimensional 
modules in 0(T n ). Note that (0,0) < for all 

Remark 3.14. If £ = 1 then, by Remark [2.11 and Section I3~2l we have 0(& n ) = 
0(& n , Cq). For an integer j ^ we set Xj = X e j c „, i.e., Xj is the set of the 
points in Cq with j collections of m equal coordinates. Then, we set i = n — jm 
and the results of this section extend in the obvious way. In particular, we have 

X? C X, < ;• f ■ j, Xy C X, < > A\, C X j+l . 

Remark 3.15. For A S 7-V, r ^ 1, the support of the module L m A G Irr(0(S mr )) is 

Supp(L mA ) = X 6 r^ C rn.r. 

Indeed, formula (|5. 16|) below and Proposition 12 . 71 imply that 

Supp(L mA ) C Supp(°Ind (m , ) (L^ ) )) = I 6; , cr . 
Next, by Remark |3 . 71 there is j — 0, 1, . . . , r such that 

Supp(i mA ) = X &m ^ cmr . 
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Finally the inclusion X & j £mr C Xe^,c^ r implies that j = r by Remark 13.141 
Note that this equality follows also from the work of Wilcox [32] . 

3.11. The action of E, F on the nitration. Let E, F denote the C-linear 
operators on [0(T)] induced by the exact functors E, F. Recall that the parameters 
of H(T) are chosen as in (|3.9p . 

Proposition 3.16. Let L G Irr(C(r n ))i J and I = n — i — mj . 

(a) We have Supp(F(L)) = X L j^ n +i. 

(b) We have E{L) = iff i = 6.' We have Supp{E{L)) = X L/J ^-i if i > 0. 
Proof. Recall that 

Supp(L) = X u = X UtC », E(L) = °Res n (L), F(L) = °tad n (L). 

Thus by Proposition ^. 21 we have E(L) = iff b n £ Xij. Since m > 1 the definition 
of the stratum Xij in Section 13.101 shows that b n ^ Xij iff i = 0. Now, assume 
that i > 0. Then I + mj ^ n — 1, and Proposition 12.21 yields 

8wpp(E(L)) = \Jx Wt0 >-i, 
w 

where W runs over the parabolic subgroups of r„_i which are r„-conjugate to 
IY( m j) (inside the group r„). We claim that a subgroup W C T n _i as above is 
r«-i -conjugate to ^Umi) (inside the group r„_i). Therefore, we have 

Su P p(£(L)) = X WjC »- 1 . 

Indeed, fix b' E C™" 1 such that W = (r„_i) 6 /. For b = (6', z) with zeC generic we 
have (r n )t = W, where W is regarded as a subgroup of T n via the obvious inclusion 
r„_i C r ra . Since W is r„-conjugate to r Z ( m j), there is an element g G r„ such 
that the first I coordinates of g(b) are 0, the next mj ones consist of j collections 
of m coordinates which differ from each other by ^-th roots of one, and the last i 
coordinates of g(b) are in generic position. We'll abbreviate 

g(b) G l (m) j * l . 

Since z is generic it is taken by g to one of the coordinates of g(b) in the packet *\ 
Composing g by an appropriate reflection in 6„ we get an element g' G r n _i such 
that 

g'(b) = tf(b'),z)etf(m) i * i . 

Thus we have also 

g\b r ) g o l ( m y . 

This implies the claim. Hence, we have 

Supp(£(L)) = X WjC »- 1 . 
Finally, since Supp(L) = Xij t c n > Proposition 12 . 71 implies that 

Supp(F(L))=X WjC » + i. 

□ 

Corollary 3.17. (a) We have E(F it j(T n )) C Fi_ij(r„_i). If i ^ we have also 
EiF^iT^cF^iT^) . 

(b) For M G C(r n ) with [M] G F lyJ (T n )° we have E{[M\) =0ijfi = Q. 

(c) We have F(F it j(T n )) c F i+hj {T n+1 ) and F{F itj (T n )°) c F i+1J (r n+1 )°. 
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Proof. First, let L £ Irr(C(r„)) with [L] £ F hJ (T n ). Thus L £ hr(0(T))i> tj > with 
(i\f) ^ (hj)- Proposition 13.161 yields 

Su PP (F(L)) = X rj , >C n +1 , Su PP (F(L)) - X rj , jC »-x if*' ^ 0. 

Hence we have F([L]) £ F i+ ij(T n+ i) and E([L\) £ i^_ij(r„_i). Part (6) follows 
from Proposition 13.161 and Remarks 13.111 13.121 Part (c) follows from Proposition 
13.161 and Remark 13.121 The second part of (a) follows from Proposition 13.161 and 
Remark [Hll □ 

Corollary 3.18. Let L £ lrr(0(r n ))i j3 -. 

(a) Ife q (L) y£ then e q {L) e Irr^IV!))^^-. 

(b) Iff q (L) ± then f q (L) £ lxr(0(T n+1 )) i+ltj . 

Proof. Set L' = e q (L). Assume that L' ^ 0. By Proposition 13 . 31 we have 

L' e lrr(0(r n _!)), f q (L') = L. 

Next, since L £ lrr(0(r))ij and since e q (L) is a constituent of E(L), we have 
[I/] S i^_i,j(r„_i) by Corollary [3~T71 We must prove that [L 1 ] £ F*_i,j(r n _i)°. If 
this is false then we have [Z/] € i*j/j/(r n _i) with 

(»',/) = (t-2,i), {i-m- + (%- 

Thus, since f q (L') is a constituent of F(L'), by Corollary 13 . 1 71 we have 

[L] Ggr IJ (r„)n^ +1 , / (r„). (3.12) 

Therefore (|3.1ip yields i' + 1 ^ i, so i' = i — 1 and j' = j — 1. So, applying (|3.11[) 
once again we get a contradiction with (|3.12l) . This proves (a). The proof of (b) is 
similar. □ 

Corollary 3.19. (a) For x £ [0(T)\ we have 

{e q (x)=0, Vg = 0,l,...,m-l) <t=> ieF ,.(T). 
f&J For M 6 0(r) we ftaue 

F(M) = ^ E{[M]) = ^ [M] e F ,.(r). 

(c) The space Fo i .(r) is spanned by the set 

{[L] ■ L £ lrr(0(r)) o ,.} - {[L] ; L £ lrr(0(r)), E(L) = 0} 

= {[F];FGlrr(0(r)), e q (L) = 0, Vo = 0, 1, . . . , m - 1}. 

Proof. For a; G [0(r)] we write £ = ^ L %l[L] where L runs over the set Irr(C(r)). 
By [35J l em - 6.1, prop. 6.2], for each q we have 

e q (x) =0 ^ :r L = if e,([L]) ^ 0. 

Thus the C- vector space 

{x£ [0(T)]; e q (x)=0, Vg = 0, 1, . . . , m - 1} 

is spanned by the classes of the simples modules L such that e q ([L]) = for all 
g = 0, l,...,m — 1. Then, apply Corollarv l3.17l This proves (a). Parts (6), (c) are 
obvious. Note that 

e q (L) = 0, Vo e g (i) = 0, Vo, 
because a non zero finitely generated module has a non zero top. □ 
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4. The Fock space 
From now on we'll abbreviate 

R ( & ) = 0[Rep(C6„)], R(T) = 0[Re P (Cr„)]. 

4.1. The Hopf C-algebra A. This section and the following one are reminders 
on symmetric functions and the Heisenberg algebra. First, recall that the C- vector 
space R(&) is identified with the C- vector space of symmetric functions 

A = C[xi,X2, ■ ■ .] e °° 
via the characteristic map [241 chap. I] 

ch : R(&) A. 

The map ch intertwines the induction/restriction in R(&) with the multiplica- 
tion/comultiplication in A. It takes the class of the simple module L\ to the Schur 
function S\ for each A G V . The power sum polynomials are given by 

Px=Px 1 Px 2 --., P r = J2 x i> P ° = l, AeP, r>0. 

i 

We equip the C- vector space A with the level 1 action of sl m given by 

e g (Sx) = ^2S U , fq(Sx) = E 5 >> q = 0, ...,m- 1, (4.1) 

where v (resp. fi) runs through all partitions obtained from A G V by removing 
(resp. adding) a node of content q mod m. We equip A with the symmetric bilinear 
form such that the Schur functions form an orthonormal basis. The operators e q , 
f q are adjoint to each other for this pairing. 

4.2. The Heisenberg algebra. The Heisenberg algebra is the Lie algebra $) spanned 
by the elements 1 and b r , b' r , r > 0, satisfying the following relations 

[b' r ,b' s ] = [W, b s ] = 0, [b' r ,b s ] = rl<5 r , s , r, a > 0. 

Let U(S)) be the enveloping algebra of fj, and let f/~(f)) C U(F>) be the subalgebra 
generated by the elements b r with r > 0. Write U~(fy r for the subspace of U~(?>) 
spanned by the monomials b ri b r2 ■ ■ ■ with = r. For A G V and / G A we 

consider the following elements in U(S)) 

bx = b Xl bx 2 ■■■ , b' x = b' Xl b' X2 
bf = E ^(PxJ)bx, ^ = E ^a 1 (^a,/)6 a , 

AGP AGP 

where zx is as in (|3.1[) . For any integer ^ we can equip A with the level i action 
of Sj such that b r acts by multiplication by iP r and b' r acts by rd/dp r for r > 0. 
The operators b r , b' r are adjoint to each other for the pairing on A introduced in 
Section |4~T1 Further, they commute with the s[ m -action in (|4.ip . see e.g., [3D]. We 
write Vp = A regarded as a level i module of 9). Consider the Casimir operator 

d=- e J2brK. (4.2) 

i-^i 

To avoid any confusion we may call it also the level I Casimir operator. This formal 
sum defines a diagonalisable C-linear operator on Vp such that 

[d,b r ] — rb r , [d,b' r ] = —rb' r . 
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Below, we'll equip A with the Jo-action of level 1, i.e., we'll identify A = , unless 
mentioning explicitly the contrary. 

4.3. The Lie algebras gl m and gl m . We define the Lie algebra gl m in the same 
way as sl m , with gl m instead of sl m . We'll also use the extended affine Lie algebra 
g[ m , obtained by adding to gl m the 1-dimcnsional vector space spanned by the 
scaling element D such that \D,x®zu r ] — rx®zu r and [D, 1] = 0. The Lie algebra 

(sl m xj5)/(m(l,0)-(0,l)). (4.3) 

is isomorphic to Ql m via the obvious map, which takes the element b' r to Y] j e pp ® 
w r and the element b r to Y^p=i Gp P ^w~ r for each r > 0. Unless specified otherwise, 
by a gt TO -module we'll always mean a module over the Lie algebra (|4.3I) . i.e., a s\ m - 
module with a compatible j>action. Similarly, a gl m -module we'll always mean a 
g[ m -module with a scaling operator D such that 

[D,x ® n7 r ] = ri n7 r , [D,6 r ] = -r6 r , [D, = r6 r- 
By a dominant integral weight of gl m , gt m we'll always mean a dominant integral 
weight of slm, slm,. We denote the sets of such weights by P+ m , P®' m or by P+ m , 
Pf tm . For A 6 l e t V^ Im and V^' m be the irreducible integrable modules over 

sl m , gl m with the highest weight A. As a gl m -module we have 

Let Q slm , P slm be the root lattice and weight lattice of sl m . The weights of the 
module V*^ m are all the weights of the form 

li = uo + p-^<J3,l3}5-i5, /3eQ sI "\ i > 0. 

Among those, the extremal weights are the weights for which i = 0. The set of the 
extremal weights coincide with the set of the maximal weights, i.e., with the set 
of the weights /i such that fx + 6 is not a weight of V^ Im . A weight /i of V^ lm is 
extremal if and only if 

(H,fi) = 0. 

Note also that we have (//, fi) = —2i if and only if [i + iS is an extremal weight. See 
e.g., [21 sec. 20.3, 20.5] for details. Now, let T m be the standard maximal torus in 
SL m , and let tm be its Lie algebra. Let @ m be the affine symmetric group. It is 
the semidirect product & m k Q 5lm . Note that Q slm is the group of cocharacters of 
T m . We'll regard it as a lattice in t m in the usual way, and we'll identify tm with 
t* n via the standard invariant pairing on t m . The © m -action on i m © Cwo © CS, see 
e.g., [20l sec. 13.1], is such that the element (3 in Q* lm acts via the operator 

h^im + im(1)0-((h,P) + ±(P,P)h{1))5. (4.4) 

In particular, we have 

tp(uo)=u o + p-^(P,0)5. 

We'll use the same notation for the 6 m -action on t m © Cwo © C8 and on © Cwo, 
hoping it will not create any confusion. Therefore, for A £ t* n © Cwo the symbol 
£/s(A) will denote both the weight (|4.4p and the weight + /i(l)/3. We can view 
the cocharacter f3 £ Q slm as a group-scheme homomorphism G m — > T m . Thus the 
image j3(zu) of the element w G K lies in T m (K). For any s[ m -module U let T^[/i], 
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fi G F s ' ra , be the corresponding weight subspace in V. Since the coadjoint action 
of /3(n7) on i* m Cw ® C<5 is given by £7 , see e.g., [33], we have also 

P(y\ M ]) = V[tfQM)] (4.5) 

if V is integrable. 

4.4. The Hopf C-algebra Ap. Now, let us consider the Hopf C-algebras R(T). 
Once again, the multiplication/comultiplication on R(T) is given by the induc- 
tion/restriction. We equip R(T) with the symmetric C-bilinear form given by 

(f, a) = ir^r 1 Y, fi^gix- 1 ), f,gs [Re P (cr n )]. 

Here we regard /, g as characters of CT„. This bilinear form is a Hopf pairing. Next, 
we consider the Hopf C-algebra Ar = A® r . We'll use the following elements in Ar 

/ 7 = l<g>---(g)l<g>/®l<g>---<g>l, / G A, 7 G T, 

with / at the 7-th place. We abbreviate 

The comultiplication in Ar is characterized by 

A(P r 7 ) = P r 7 ® 1 + 1 ® P 7 , r > 0, 7 G r. 
Following 24, chap. I, app. B, (7.1)] we write 

We equip Ar with the Hopf pairing such that 

(P r , p , P StQ ) = rS P:q S rtS , r, s > 0, p, q G Z f . 

We may regard P r , P , r > 0, as the r-th power sum of a new sequence of variables 
%i,p, i > 0. We define the following elements in Ar 

S^.p = Sp(x ltP ), S X =H S x(p)>p , /x G P, A£P ( . (4.6) 

The Hopf C-algebras P(r) and Ar are identified via the characteristic map (2~4l 
chap. I, app. B, (6.2)] 

ch : R(T) -> A r . 

This map intertwines the induction in P(r) with the multiplication in Ar by [24L 
chap. I, app. B, (6.3)]. By chap. I, app. B, (9.4)] and ([231) we have 

ch(Z A ) = S TX , A G V\ (4.7) 

where r is the permutation of V 1 such that (rA)(p) = A(p+ 1) for each p G Z^. For 
A G P r we write 

where Z\ij> is as in (|3.ip . and we define A G V v by A(7) = A(7 _1 ). Then we have 

{S\,S^ = Sx,^, A,^gP £ , 

(4.8) 

(i^,P P )=dA, M *A, A, G V . 

The first equality is proved as in [531 chap. I, app. B, (7.4)], while the second one 
is [231 chap. I, app. B, (5.3')]- By P~T1) . the map ch is an isometry. Thus it 

intertwines the restriction in R(T) with the comultiplication in Ar- 
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Proposition 4.1. (a) The restriction Rep(Cr„) — > Rcp(C©„) yields the C-algebra 
homomorphism Res 6 : Ar — > A such that S\ i-» J\ ^X(p)> Pr,p ^ Pr- 

(b) The induction Rep(C©„) — > Rcp(Cr„) yields the C-algebra homomorphism 
Ind@ : A — > A r such that P r i-» P} = J2 P ez e Pr,p- 

Proof. The first part of (a) is easy by Section l3"31 and it is left to the reader. For 
the second one, observe that 

ch(er I%p ) = P r ^ p , r > 0, 

where oy ;P is the class function on T r wich takes the value r(7i72 • • -j r ) p on pairs 
(w, (71,72, ••• ,7r)) such that w is a r-cycle, and elsewhere, see [TU1 lem. 5.1]. 
Now we concentrate on (b). Note that 

Res^(P 7 ) = 1, Res£(P r 7 ) = t5 1 .iP r , r > 0. 

Therefore, for A £ V v we have 

_ J>(A(i))p A(1) if A( 7 ) = far 7 96 1, 
else. 



ResS(P A ) = nRes^ (7) ) = 

7er 

If /, g £ [Rep(Cr„)] are the characters of finite dimensional r„-modules V, W, 
then (f,g) is the dimension of the space of Cr n -linear maps V — > W. Hence, by 
Frobenius reciprocity the operator Ind@ is adjoint to the operator Res@. Thus, 

fr^( A «)<5 A(1) , (r) if A( 7 ) = for 7 ? 1, 
[0 else. 

This implies that Ind@(P r ) = aP^; for some a. To determine a let A be such that 
A( 7 ) = if 7 ^ 1 and A(l) = (r). Then we have 

P\=P?, {Px,Px)=r£. 
This implies that a = 1. □ 



(Ind£(p,),P A 



Remark 4.2. Let />->•/ be the C-antilinear involution of Ar which fixes the Pa's 
with A G P r , see [H chap. I, app. B, (5.2)]. For X £ V e let A be the ^-partition 
given by A(p) = A(— p). We have 

P r ,p=P r ,_p, S A = S A , r>0, peZ f , AeP f . 

Remark 4.3. Setting £ = 1 in Ar we get the standard Hopf algebra structure and 
the Hopf pairing of A. 

Remark 4.4. We have [H chap. I, app. B, (7.1')] 

P? = ^ Pp r-,v> r > °- P o = 1. Po,p = So, P - 



4.5. The level 1 Fock space. Fix once for all a basis (ej.,... ,e m ) of C m . The 
level 1 Fock space of sl m is the space T m of semi- infinite wedges of the C- vector 
space V m = C m ® C[t, i -1 ]. More precisely, we have 

77 _ m T-( d ) 
^ m — VI7cigZ m ' 

where !Fm is the subspace spanned by the semi- infinite wedges of charge d, i.e., 
the semi-infinite wedges of the form 

Ui t A u izs A • • • , zi > i 2 > ■ ■ ■ , Ui-jm = ei (g)t J , (4.9) 
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where if. = d — k + 1 if k 3> 0. We write 

\X,d) = u it Au i2 A • • • , X eV, i k = Xk + d-k+l, k > 0. (4.10) 

The elements |A, d) with X E V form a basis of J 7 ™" 1 . We equip with the 

C-bilinear symmetric form such that this basis is orthonormal. 

The Fock space J~m is equipped with a level one representation of sl m in the 
following way. First, the C- vector space V m is given the level action of sl m induced 
by the homomorphism 

Slro ->sI TO ® C[t,t _1 ], 1^0, x(g)cc7h^a;(g)t (4-11) 
and the obvious actions of st m and C[t, t^ 1 ] on V^. Then, taking semi-inhnite 
wedges, this action yields a level 1 action of st m on Fm\ see e.g., [50] . 

Next, observe that the multiplication by i r , r > 0, yields an cndomorphism of 
V m . Taking semi-infinite wedges it yields a linear operator b r on J 7 /,?. Let b' r be 
the adjoint of b r . Then b' r , b r define a level m action of S) on J 7 /,?. The s[ m -action 
and the i>action on glue together, yielding a level 1 representation of gl m on 
Fm\ see [3U] again. 

As a 0[ m -module we have a canonical isomorphism 

77(d) _ yfll m 

m Wdmod m ' 

It identifies the symmetric bilinear form of J~m with the Shapovalov form on 

VtSdZndm, i- e -' with the unique (up to a scalar) symmetric bilinear form such that 
the adjoint of b r , e q are b' r , f q respectively. 

Remark 4.5. The C-linear isomorphism 

j! d) ->A, \X,d)^S x , XeV (4.12) 

takes the operators b' r , b r , e q , f q on the left hand side to the operators b' mr , b mri 
Zq-di fq-d on the right hand side. 

4.6. The level £ Fock space. Fix a basis (ei, . . . , e m ) of C m and a basis (ei, . . . , €g) 
of C e . The level I Fock space of sl m is the C- vector space 

of semi-infinite wedges of the C-vector space V m j = C m ®C ®C[z, z -1 ]. The latter 
are defined as in (14. 9f> with 

Ui+(j-i) m -kmt = e i ® tj ® z> *- ( 4 - 13 ) 
Here i = l,...,m, j = 1, ..,,£, and k 6 Z. We define basis elements \X,d), 
with A e 7>, of as in (|4.10p . using the semi-infinite wedges above. We equip 

•^m\ w ith the C-bilinear symmetric form such that the basis elements |A, d) are 
orthonormal. This yields a C-linear isomorphism 

^S^A, \\,d)^Sx, AeP. (4.14) 

We equip the C-vector space -F^\ with the following actions, see [30] for details : 

• The level ml action of Sj such that b' r , b r is taken to the operator b' mir , b m i r 
on A under the isomorphism (|4.14|) for r > 0. 

• The level I action of sl m defined as follows : equip the C[z, z _1 ]-module V m ,e 
with the level action of sl m given by the evaluation homomorphism (|4.1ip 
and the obvious actions of s\ m and C[z,z _1 ] on V m ^. Taking semi-infinite 
wedges we get a level i action of s( m on J-~ \. 
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• The level to action of slg which is defined as above by exchanging the role 
of m and t. 

The actions of sl m and si? commute with each other. We call l-charge of weight 
d an £-tuple of integers s — (s p ) such that d = ^2 p s p . Set 

£-1 

7(s, m) = (m - si + s e ) oj + ^(s p - s p+1 )u p . (4-15) 

P =i 

The Fock space associated with the ^-charge s is the subspace 

4J = 4?j7(s,m)] (4-16) 

consisting of the elements of weight j(s, m) with respect to the slf-action. It is an 
slm x £)-submodule of J-^\- Consider the basis elements |A,s), A G V e , of 
defined in [30] sec. 4.1]. The representation of s[ m on can be characterized in 
the following way, see e.g., [17], [30] . 

e,|A, a ) = £>,a), /,|A,«) = (4.17) 

where v (resp. \i) runs through all ^-partitions obtained by removing (resp. adding) 
a node of coordinate (i, j) in the p-th partition of A such that q — s p + j — i modulo 
to. Consider the C- vector space isomorphism 

A r^4S> StA^I^s), XeP". (4.18) 
By [30J sec - 4.1] we have an equality of sets 

{|A, s) ■ A G V e , s = (s p ) G Z e , s p = rf} = {|A, d) ; A G 7>}. (4.19) 

p 

Thus the elements | A, s) form an orthonormal basis of J-^\ and the map (|4.18[) pre- 
serves the pairings by (|4.8[) . The representation of f) on J^f / can be characterized 
in the following way. 

Proposition 4.6. The operators b' r , b r , r > 0, on J~^\ are adjoint to each other. 
Further b r acts as the multiplication by the element P^ r = P m r,p of Ar under 
the isomorphism 

Proof. The first claim is [301 prop. 5.8]. To prove the second one, observe that the 
formulas in [301 sec - 4.1, 4.3 and (25)] imply that the C-linear map 

•^->®-^' } > |a>*)->®|a(pW, 

intertwines the operator 6 r on the left hand side and the operator 

& r ®l®---®l + l®6r®l®'--®H h 1 <8> • • • <8> 1 ® &r 

on the right hand side. Thus the proposition follows from the definition of the in- 
action on T m in Section [4. 5 1 and from the definition of the i>action on A in Section 

E2J □ 

^ (s) — 

Remark 4.7. The s[ m -action on e can be extended to an s( m -action such that 
the weight of |A, s) is 

l m-l 

-A(s, m)5 + ^2ui Sp - ^2 n q {X)a q , 
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see [301 sec. 4.2]. Here n q (X) is the number of g-nodes in A, i.e., it is the sum over 
all p's of the number of nodes of coordinate (i, j) in the p-th partition of A such 
that s p + j — i = q mod m. We have also used the notation 

i i 
1 ^ 1 - 

A(s,m) = -^(w Sfmo d m , w 8 „modm) + ~2]%(s p /m - 1). 

p—1 p— 1 

In particular, we have 

D(|A,s)) = -(A(s,m)+no(A))|A,s). 



4.7. Comparison of the g^-modules J-^\ an( l Vu>a*- The Fock space J- m ,e can 
be equipped with a level 1 representation of in the following way. The assignment 

e 4 ^t 1-4 , i = l,2,...,m, 

yields a C-linear isomorphism 

= C m ® ® C[z, z" 1 ] -> C £ ® C[t, t' 1 ] = Vi, ^ 

u i+(j-l)m-kme ^ u j+(i-l)l-kmt.i 

see (|4.9[) . (]4. 13|) . Taking semi- infinite wedges, it yields a C-linear isomorphism 

Fm,t -> (4.21) 

Pulling back the representation of gl e on in Section l4~51 and Remark 14.71 by (|4.21j) 
we get a level 1 action of $l e on T m ^ such that : 

• For d £ Z the level 1 representation of Qlp on T m .g yields an isomorphism 

-p( d ) — yah (a 

• The level m-action of qI £ in J-" m ^ given in Section 14*31 can be recovered from 
the level 1 action by composing it with the Lie algebra homomorphism 

gl t ->gl t , x <E> vo r H> x ® vo mr , l4ml. (4.23) 

• Pulling back the level £ representation of Sj on Tt in Section 14.51 by (|4.21j) 
we get a level £ action of Jo on T m ^. The level m£-action of Sj in T m% i given 
in Section 14.61 can be recovered from the latter by composing it with the 
Lie algebra homomorphism 

b r i-> b mr , b' r ^ b' mr , 1 i-> ml. (4.24) 

Hence, the action of the level ml Casimir operator, i.e., the operator ob- 
tained by replacing I by ml in (|4.2p . associated with the representation of 
Sj on J- m ,e. is the same as the action of the m-th Casimir operator 

d ™ = ^J2 b ™b'mr (4-25) 

associated with the level £ representation of Sj on T m .i. 

• To a partition A we associate an £-quotient A*, an £-core A c and a content 
polynomial c\(X) as in [24j chap. I]. In [22j sec. 2.1] a bijection r is given 
from the set of Scores to the set of ^-charges of weight 0. By (30J, rem. 4.2(f)] 
the inverse of the map (|4.21[) is such that 

^^^Inl |A,0W|A*,T(A C )). 
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Now, the same argument as in [531 ex - I- 11] shows that 

t-i 

c x (X) = c A e(X) l[(X +p)l A *l mod t. (4.26) 

Further, by Remark 14.71 the scaling element D of the level 1 representation 
of gl £ on is given by 

D(|A,0)) = -no(A)|A,0), (4.27) 

where no (A) is the number of 0- nodes in A. Thus we have the following 
relation 

[DJp] = -f P , VfptsL. (4.28) 

Further we have 

£>(|A,0)) = -(n (A c ) + |A*|) |A,0). (4.29) 

Remark 4.8. We finish this section by several remarks concerning the Fock space 
that we'll not use in the rest of the paper. First, there is a tautological C-linear 
isomorphism C m <£> C £ = C ml . It yields C-linear isomorphisms V„ h e — > Vmt and 
J~ m ,£ J~ m £. Recall that J- rn i is equipped with a level 1 action of st m £, and that 
J- m ,i is equipped with a level (£, m)-action of sl m x slg. Now, there is a well-known 
Lie algebra inclusion 

(slm x*fe)/(m(l,0) -£(0,1)) csU, (1,0) ^£1, (0,1)^ ml. 

This inclusion intertwines the sl m xs^-action on and the s[ m ^-action on T m ,i — 
Trai- Further, we want to compare the s[ m ^-action on J- m ^ with the level one ab- 
action on given in the begining of this section. The C-linear isomorphisms 
(|4.20j) and (|4.2ip yield a C-linear isomorphism 

Tt -> T m ,t = Tmt- (4-30) 

The right hand side is equipped with a level 1 action of sl m i, and the left hand side 
with a level 1 action of slg. Consider the following elements in sl m <g> C[vu, ru^ 1 } 

rn — i m 

x(i + km) — ® ^ k + ^ e j,i+j-m ® m k+1 , 

1 i ^ to, fceZ. 

For x 6 sl m ® C[vj, m^ 1 } and p,q — 1,2,...,£ we define the element x^'^ G 
sl m £ ® C[zj, zu^ 1 ] by 



: = e i+ ( p _ 1 ) m , i j + (g_ 1 ) m <g> dij for a; = 2J ei,j®a-i 



The following claim is proved by a direct computation which is left to the reader. 
Proposition 4.9. (aj There is a Lie algebra inclusion sli C s[ m ^ given by 
1^1, e Pi9 ®n7 r ^x(r) (M) , p, q = 1, 2, . . . ,1, r £ Z. 
f&j XTie map J^. ffOI ) intertwines the sli-action on Tg and the s{ m g-action on !F m t- 
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5. The categorification of the Heisenberg algebra 
We'll abbreviate 

[o(r)] = ©[o(r„)]. 

Assume that ft, h p are rational numbers as in (|3.9p . Thus A is a rational weight of 
sli of level 1. Let m be the denominator of h. We'll assume that m > 2. 

5.1. The functors A\,\, A* x , on D b (0(T)). To simplify the exposition, from 
now on we'll assume that £ > 1. All the statements below have an analoguous 
version for I = 1, by replacing everywhere C™ by Cq. Let n,r be non- negative 
integers. Consider the point 

b n , r = (0,...,0,l,...,l)et) = C n+r , 

with Xi — for 1 ^ % ^ n, and Xi — 1 for n < i ^ n + r. The centralizer of b n , r in 
L n+r is the parabolic subgroup T n ^ r . We have 

f)/f) r "' r = C™ x c . 

Here C™ is the reflection representation of L„ and Cq is the reflection representation 
of & r . Note that 

0(T n<r ) = 0{T n>r , C" x Cg), 0(& r ) = 0(& r , C r ). 

In particular we have a canonical equivalence of categories 

o(r„, r ) = o(L„)®o(© r ). 

Thus the induction and restriction relative to b n , r yield functors 

°Ind„ )r : 0(T n ) ® 0(6 r ) -> 0(r n+r ), 

°Res„ >r : C(L„ +r ) -> 0(T„) ® 0(6 r ). 

Now consider the functors lnd n , mr , Res n , mr . The parameters of iJ(L Jl+mr ) and 
H(T n ) are ft,, A. The parameter of H(& mr ) is ft. Fix a partition A 6 V r . We define 
the functors 

0(T n ) <g> C(6 mr ) ->■ o(r„), 

M H- Hom 0(emr) (M, L m \)* , M i-> Hom 0(6mr) (L mA ,M), 
as the tensor product of the identity of C(L„) and of the functors 

0(6 mr ) -> Rcp(C), 
M i-» Hom 0(emr) (M, J L mA )*, M Hom 0(Smr) (L mA , M). 

Here the upperscript * denotes the dual C-vector space. We denote the correspond- 
ing derived functors in the following way 

M h4 RHom 0( g mr) (M,i mA )*, M ^ RHom 0( e mr) (L mA , M). 
Definition 5.1. For A G V r with r^Owe define the functors 

A Xil : D b (0(T n+mr )) D 6 (0(r n )), M ^ RHom^ (0(emr)) (°Res n>ror (M), L mA )*, 
A A : I? b (0(L„)) -> D fe (0(r n+ror )), M °Ind„, mr (M ® L mA ), 

: -D b (0(L„ +mr )) D fe (0(r n )), M ^ RHom I?b(0(e _ )) (L mA , °Res„, mr (M)). 

Proposition 5.2. M^e have a triple of exact adjoint endofunctors (A\ t i, A*^, Ax,*) 
of the triangulated category D b (0(T)). For M, N g D b (0(T)) we have 

RRom Db{0{r)) (Al(M),N) = RHom Ij6(0(r)) (M, A X ,.(N)), 

BRom Db{ o(T))(A x ,i(M),N) = RHom ob(0(r)) (M, A A (A)). 
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Proof. Obvious because the functors Ind njmT . and Res„ iTOr are exact and biad- 
joint, see [I], [25]. □ 

5.2. The 6 r -action on (A,) r , (A*) r and (A r ) r . For b =!,* we write A* = A* {1) 
and A\, = Aii)],, For r 1, the transitivity of the induction and restriction functors 
28, cor. 2.5] yield functor isomorphisms 

(A,) r = RHom £lb(c , (e(riiI . ))) ( c 'Res n! ( m r)(»),i)*, 

(A*) r = °Ind„, (m .)(. 2>L) = °Ind„, mr (. ® °Ind (ro0 (L)) , (5.1) 
(A*) r = RHom D i( ( 6(mr j j) (L, °Res rlj ( m r) (•)) . 

Here, to unburden the notation we abbreviate L = Lf^y The goal of this section 
is to construct a (3 r -action on (A<) r , (A*) r and (^4*) r , and to decompose these 
functors using this action. To do this, let H(r„ ( m r)), H(r„), H(S m ) be as in 
Appendix lAl with the parameters £ and v p as in Section [3.71 There is an obvious 
isomorphism 

H(r„, (m ,)) = H(r n )(g)H(6 ro )® r . 

Let Ti £ & n + mr be the unique permutation such that 

• Ti is minimal in the coset &( n ,m r ) T i < &(n,m r )i 

• Ti{vw\W2 ■ ■ ■ w t )t^ 1 — vwi . . . Wi+iWi . . . w r for v G ©„, Wi,...,w r € & m . 
Let Ti denote also the algebra isomorphism H(r„( m r)) — > H(r„ ,( TO r\) given by 

x®j/i®---®j/ r ->x(g)j/i(g»-"(8) yi + i <g> Hi <8> • • • ® y r - 
We have the following relation in H(r n+mr ) 

T Ti z = Ti(z)T n , z6H(r„ i(m r)). (5.2) 

Therefore, the element T Ti belongs to the normalizer of H(r n ( m r)) in H(r n+mr ). 
The twist of a module by Tj yields the functor 

n : Rep(H(r„ )(m r))) -> Rep(H(r„ >(m r))), 
M®iVi<8i---®iV f .-^M(8iJVi(gi---(8i iVj+i ® Ni ® ■ ■ ■ <g> iV r . 
We define the morphism of functors 

H r, : H Ind„^ (m r) -> H Ind„ !(mn or;, H r 4 (M)(/i (g> u) = /iT Tj <g> n{v), 

h e H(r n+mr ), v e M, M e Rep(H(r ni(m r))). 

It is well-defined by (|5.2I) . Next, the permutation Ti yields also a functor 

r, : 0(r„ ; ( m r)) 

^( il fi,(m r ) ) j 

M <g> iVi ® • • • ® iV r -> M ® iVi ® ■ • • (gi iVj+i ® Ni <g> • • ■ <g> N r . 
The functor KZ yields a C-algebra isomorphism [2HJ lem. 2.4] 

KZ : End(°Ind n , (m . ) ) -> End(KZ o Ind n , (m .)) - End( H Ind n , (m .) o KZ) . (5.3) 
For the same reason we have also an isomorphism 

KZ : Hom(°Ind n) ( m r), Ind„,( m r) or,) -> Hom( H Ind„,( m r) o KZ, H Ind„ ; ( m r) orioKZ). 
So there is a unique morphism of functors 

°n : °lnd nAmr) -> °Ind ri) ( fn r) or, 
which satisfies the following identity 

KZ(°7i(M)) = H r i (KZ(A/)), M e 0(r„ i(m ,)). (5.4) 
The functor • ® L yields a map 

Hom(°Ind ni(m .), Ind„ :(m ,) or,) -> End((A*) r )- (5.5) 
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Let Ti denote the image of °Ti by this map. 

Lemma 5.3. The following relations hold in End((A*) r ) 

• ff = 1, 

• = Tj Tj ifj^i-l,i + l, 

• fifi+lfi = Tj + lfjfj_|_l. 

Proof. We'll write L = (L^)® 1 ". Consider the morphism of functors 

H r° : H Ind (m .) -)• H Ind (m ,) or,, H r° (M)(/i ® ») = /jT Ti ® t,(v), 
/i e H(6 mr ), w G M, M G Rep(H(6 m )® r ). 
It is well-defined by (|5.2I) . By (j5.3[) there is a unique morphism of functors 



(5.6) 



(m>') —* "lU(m'-) 

such that 

KZ(°T°(M))= H r°(KZ(Af)). (5.7) 
We define the endomorphism ff of the module Ind( m r)(L) by 

f° = °r°(L). (5.8) 
The transitivity of the induction functor [28l cor. 2.5] yields 

(A*) r (M) = °Ind n>mr (M® °lnd (mn (L)), 
n{M) = °Ind n , mr (l ® fP). 
Therefore, we are reduced to check the following relations 



(5.9) 



• (r°) 2 = 1, 



=0=0 _ =0=0 



?fP if + 



- =0=0 =0 
" T i T i+l T i — 'i+l'i 



To prove this, recall that Rouquicr's functor R yields an equivalence 

0(e mr ) -> Rep(S c (mr)). (5.10) 
Here £ is a primitive m-th root of 1. We have 

R{L mX ) = L s mX . (5.11) 

By Proposition 13 . 1 1 we have also 

R( lnd im r } (L)) =L S . 
Thus the functor R yields a C-algebra isomorphism 

Endo(6 mi .)( c, Ind( m r)(i)) = End S( .( mr) (L s ). 
Therefore, we are reduced to check the following relations in Ends c ( mr )(L s ) 

• R{ff? = l, 

. R(f?)R(f?) = R(f?)R(f!) if j ? i - 1, i + 1, 
. i?(rP)£(rP +1 )ii(fP) = fl(rP +1 )i?(fP)i?(rP +1 ). 
By Proposition 13.11 there is an isomorphism of functors 0(&r m r-s) — > Rep(S^(mr)) 

(.f r oR = Ro°Ind {Tn r ) o(.)® r . 

Since 1r if l(,)®r is an endomorphism of the right hand side and since R is an 
equivalence, there is an unique endomorphism s r° of the functor 

(•)® r : Rep(S c (m)) -¥ Rep(S c (mr)) 

such that 

s t?1 r = 1 r °t? l (-) . r . (5.12) 
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Consider the diagram 

End( c, Ind (m . ) o(«)® r ) -55*. End( H Ind (mr) o KZ o( 



R 



End((»)® r oi?). 

The upper map is invertible by (|5.3[) . the vertical one by Proposition 13.11 and the 
lower one by Corollary IB. 41 The diagram is commutative because $* o R = KZ. 
By (|5.7p and (|5.12|l the image of °t® l(.\®r is given by 



9 7fl (#)8 ,i ^ H rPl KZo( . )s 




(5.13) 



Now, recall the endomorphisms of functors lZ,,i, <S« j defined in (|B.10[) . (|B.9[) . By 
Corollary IB . 71 the functor $* yields a map 

End((.)® r ) -> End( H Ind (m ,.) o(.)® r o $*), 7£., 4 H> 5». Wii . 

By (|5.6p we have 

S M ,i = n r?(M® r ), M G Rep(H(6 m )). 
Therefore, by f|5 . 1 3[) we have also 

K m ^ = S t°(M), M g Rep(S f (m)). (5.14) 
Now, by dgTHD , dUIII and ([5TT2]) we have 

i?(f°) = s r°(Lf m) ). 

Thus, by (|5.14p we must check that the operators lZ L s i satisfies the same relations 
as above. The quantum Frobenius homomorphism yields a functor 

Fr* : Rep(Si(r)) -» Rep(S c (mr)) 

such that L?s= Fr*(Z^), see Section lB.71 It is a braided tensor functor by 
Proposition IB.9I Thus the claim follows from Proposition IB. 81 □ 



We can now prove the following, which is the main result of this section. 

Proposition 5.4. Let r ^ 1. 

(a) The group & r acts on the functors (A*) r , (A^Y . 

(b) We have the following & r -equivariant isomorphisms of functors 

{A*) r = U®A* X , (A*) r = Z A ®A A ,*. 
Proof. First, we concentrate on part (a). To unburden the notation we abbreviate 

j _ j®r T S _ (tS \(g>r 

By Lemma 15731 the assignment Sj H> fj yields a (5 r -action on (A*y. Under the ad- 
junction (°Ind n r m r), Res n r m r)J the isomorphism °Ti yields a (right transposed) 
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isomorphism of Res n ( m ry We'll denote it by °n again. By definition of the right 
transposition, the following square is commutative for M € 0(T n+mr ) 

Hom 0(rn+mr) (°Ind nj(m r ) (L), M) Hom 0( r n+ror) (°Ind 7h(mr) (L), M) 



Hom e ,(r ni(mr) )(i,°Res ni(m r ) (M)) Ili^°Hom 0(rji i(mn )(i, °Res„, (mr) (A/)). 

Here and in the rest of the proof, we use the canonical isomorphisms 

Ho m o(r„ +mr ) ( Ind„ ( m r)(L), A/) = Homo(r n+mr ) (°Ind nj ( m r) (rj(£)), M) , 

Hom o(r„, (mr) ) (L, °Res„ i ( m r)(Af)) = Hom 0(r?i (mr)) (i, n(°Res nt{mr) (M)j) 

given by t^(L) = L without mentionning them explicitly. Let (•,•} denote the 
canonical pairing 

RHom £ , b(cl(e(mr))) (»,i)* x RHom D1(0(6(mr)) )(»,I) -> C. 

We define the 6 r -action on (A*) r by 

Si (f) = %(M)of, 

f e (A*) r (M) = RHom D6(0(e(mr))) (L,°Res n!(m , ) (M)). 



Note that the formulas (|5.15[) do define an action of the group & r by Lemma [ 
because the square above is commutative. 

Now, we prove part (&). It is convenient to rewrite the S r -action on (A*) r in a 
slightly different way. Setting n = in the construction above we get a © r -action 
on °Ind( m r)(L) such that Si acts through the operator ff in (|5.8[) . and by (|5.9p the 
reflection Si acts on (A*) r through the automorphism 

°Ind n , mr (l ® °fP). 

We claim that the following identity holds in Rep(C© r ) ® 0(& mr ) 

°Ind (TO .) (L) =0L A «U (5.16) 

Ae-p,. 

To prove (|5.16p we use Rouquier's functor R as in the proof of Lemma 15.31 It is 
enough to check the following identity in Rep(C© r ) ® Rep(S<; (mr)) 

L s = L x ®L s mX . 
xev r 

To do that, note that by Proposition [R9] the functor in Section fB. 71 

Fr* : Rep(Si(r)) = Rep(S ( _ 1)m (r)) -4- Rep(S c (mr)) 

given by the quantum Frobenius homomorphism is a braided tensor functor. Fur- 
ther we have 

Fr*(L s x )=L s mX , Fv*((Lf 1) f r ) = L s , 

where Lf is the simple Si(r)-module with the highest weight A. Therefore, to prove 
(I5.16|) we are reduced to check the following identity in Rep(CS r ) <g) Rep(Si(r)) 

xeVr 

This is a trivial consequence of the Schur duality. The decomposition 

(4T=®^®A1 (5.17) 
xev T 
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is a direct consequence of (|5.16[) . The decomposition of the functor (A*) r follows 
from (|5.16[) and the commutativity of the diagram above, because it implies that 
the canonical isomorphism 

(A*) r (M) = RHom Db(0(e(mr))) ( Ind (m , ) ( J L), Res„ :mr (M)) 

is © r -equivariant. □ 

Remark 5.5. Using an adjunction ( Res„.( m r), Ind nj ( m r)) for each r, we can con- 
struct in a similar way a 6 r -action on the functor (A\) r such that we have the 
decomposition 

(A,) r = L\ (8 A\ y i. 

Then, by PropositionsOandEUwe have the triple ((A,) r , (A*) r , (A*) r ) of adjoint 
© r -equivariant functors. 

Remark 5.6. We have used the hypothesis m > 2 in the proof of Proposition 15.41 
when using Rouquier's functor R. Probably this is not necessary. 

Proposition 5.7. For r 1 we have an isomorphism of functors 

(A,) r [2r(l-m)} = (A*) r . 

Proof. Once again we'll abbreviate L — Lf\. Let Verv(P m ~ 1 ) be the category 
of perverse sheaves on p m_1 which are constructible with respect to the standard 
stratification P" 1 " 1 = C° U C 1 U • ■ • U C™" 1 . By thm. 1.3] the category C(6 m ) 
decomposes as the direct sum of Verv(P m ~ 1 ) and semisimple blocks. Under this 
equivalence the module £( m ) is taken to the perverse sheaf Cpm-i[m — 1]. So, by 
Verdier duality [T8l (3.1.8)] we have an isomorphism of functors D b (0(& m )) — > 
D\C) 

RHom J3 b( 0(Sm ))(L( TO ) ! ») -> RHom D b (0(6m)) (»,i (m) )*[2(l -m)]. (5.18) 

The tensor power of (|5.18p is an isomorphism of functors Z3 b (C((3( m r))) — > D b (C) 

6° : RHom_D6( ( S(mr) ))(i, •) -> RHom D(J(c ,( S(mr))) (», L)*[2r(l - m)]. 

The group & r acts on D b (0(&/ m r^)) in such a way that the simple reflection s, 
acts via the permutation functor 

n : 0(6( m r)) -> 0(6( m r)), Mi (g» • • • <g> M r ->• Mi <g> • • • <8> M l+i <g> M< <g) • • • <g> M r . 
The isomorphism 9° is (3 r -equivariant, i.e., we have 

8 (n(M))(T l (f)) = n(6°(M)(f)), 
M G 0(6 (mr) ), / g EHbm D » (0(6(mr))) (L, M). 

It yields an isomorphism of functors D b (0(T n ^ m r^)) -» D 6 (0(r n )) 

: RHom fl i,( 0(e(mr))) (L, •) -> RHom D !>( ( e(mr) ))(», £)*[2r(l - m)] 
such. IjIiQjIj 

fl(r i (M))(r i (/))=r i (e(M)(/)) ) 
M G 0(r n , (m r)), /eBBom D6(0(6(mr))) (L,M). '"• ! " 

We define an isomorphism of functors D b (0(T n+mr )) — > D b (0(T n )) by 
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More precisely, we have 

9' : RHom £)i , (c , (e(mr))) (L, c 'Res„ : ( m r ) («)) 
RHom £1 b (c , (6(7iir))) ( c 'Res n!(mn (»),i)*[2r(l - m)]. 
By (|5.ip we may view 9' as an isomorphism (A*) r — > (^4i) r [2r(l — to)]. □ 

Remark 5.8. Probably we can choose the © r -action on (A\) r in such a way that the 
isomorphism (A*) r —t (Ai) r [2r(l — to)] is © r -equivariant. This would imply that 
for A £ V r we have A^ j i[2r(l — m)] = A\.*- We'll not use this. 

Remark 5.9. The transitivity of the induction functor [251 cor - 2.5] yields an iso- 
morphism of functors A* x ^4* = A* A* x for A, [i £ V . Taking the adjoint functors we 
get also the isomorphisms A\ \ A^ \ — A^ \ A\ \ and A\ t * A^^ — A^* A\^. 

Remark 5.10. The functors A\\, A* Xl Ax,* yield linear endomorphisms of the C- 
vector space [0(F)]. Let us denote them A\,\, A x , A\_* again. 

Remark 5.11. Recall that (to) = C[-2i\. For any object M of D b {0{Y)) 

there should be a distinguished triangle 

i(m)M *- A*A*(M) >■ A*A*(M) — ti*- • 



5.3. The functors at, oa,* on O(r) and the ^-action on the Fock space. 

For i 6 Z and b =!, * we consider the endofunctor H l (A\ \,) of 0{T) given by 

H\A X> ){M) = H\A X> {M)), M £ 0(T). 

From now on we'll write Ra\,\, = A\ t \, and R l a\ \, = H i (A\,\ 1 ). 

Definition 5.12. Let a* x be the restriction of A x to the Abelian category 0(T). 
Since a* x is an exact endofunctor of 0(T), we may write a* x for A* x if it does not 
create any confusion. We abbreviate ax.\> = R°a\ \ 1 . The functor a>,,* is a left exact 
endofunctor of 0(T), while a\,\ is right exact. 

Consider the chain of C-linear isomorphisms which is the composition of (|3 . 5|) , of 
the characteristic map ch, and of (|4.18[) . 

[0(T)] R(T) -+ A r F% fg 2Q) 

A A h> L a h> SVa >-> |A,s). 

Recall that symmetric bilinear form on defined in Section PO)l 

Proposition 5.13. (a) The map L5.20\) identifies the symmetric C -bilinear form 
on with the <C-bilinear form 

[0(F)] x [C?(D] -► C, (M,N) i ^ ^(-l)MimE X t J 0(r) (M,iV). 

(oj TTie map &5.20\) identifies the operators b$ x , b' s on J\f \ with the operators 
a* x> i?a A ,* on [0(T)]. 

Proof. Part (a) is obvious because we have 

diniExt J o(rri) (AA,V AI ) = ^ '5A, M , [A„] = [V M ], VA,/i€^, 

because C(r n ) is a quasi-hereditary category, see e.g., [7J prop. A. 2. 2]. Now we 
concentrate on (6). By (a) and Proposition 15. 21 the pairs (bs x , b' Sx ) and (a^, Rax,*) 
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(s) 

consist of adjoint linear operators on J 7 ^ ^ So it is enough to check that under 
(|5.20|) we have the following equality 

b Sx =a* x . (5.21) 

To do that, observe first that, by Proposition ^. 11 for r > the map ch : R(T) — >• Ar 
intertwines the operator 

R(T)^R(T), M^Ind^ xe (M®ch- 1 (P mr )) 

and the multiplication by 5Z pgZ4 Pmr,p- Here we have abbreviated 

Indp x @ = Ind„. mr . 

Next, by Proposition ^. 61 the map Ar — ► J 7 ^ \ above intertwines the multiplication 
by SpGZf Pmr,p and the operator b r . By definition, the plethysm with the power 
sum P m is the C-algebra endomorphism 



i> m : A^A, f^J2 z ^(f> P >>) P > 



The discussion above implies that the map R(T) — > J 7 ^ £ above identifies the action 

(s) 

of &s A on T m g with the operator 

R(T) -> R(T), M i-> Ind£ xS (M ® ch" 1 ip m (S x j). 

Now, recall the maps 

spe : [Rep(Cr n )] -»• [0(T B )], spe : [Rep(C6 mr )] -»• [0{& mr )\. 

By Lemma 12.41 they commute with the induction and restriction. We claim that 

speech -1 o^Sa) = L m \. 

Thus (|5.21|) follows from (|5.20|) . To prove the claim, set £ equal to a primitive m-th 
root of 1. Then Rouquicr's functor yields an isomorphism, see (|5.10p . 

[0(e mr )] = [Rep(S f (mr))]. 
Next, the quantum Frobenius homomorphism yields a commutative diagram 



[Rep(Si(r))] [Rep(S c (mr))] 




(5.22) 



where x is the formal character, see e.g., [13 sec. II.H.9]. Consider the chain of 
maps 

9 : [Rep(C6 ror )] S= [0{& mr )\ 131 [Rep(S c (mr))] . 

We have 

^{S x )=L s mX , 8 ch -1 (5 M ) = A^, AeP r , ^eV mr . 
Thus we have 



x(0ch -1 (S M ))= x (A*) = ^, fieV v 



Therefore we have also 

x (9 o ch" 1 o^(S x )) = ip m (S x ) = xMSx)) = X (L s mX ). 

This implies that 6 o eh -1 oip m (S x ) = L^ x , proving the claim and the proposition. 

□ 
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Remark 5.14. It has been conjectured in [SI sec. 6.6] that the Shapovalov form on 

V3l l moAl should be related to the bilinear form on [O(r)] in Proposition l5.13l Recall 
that 

~ v u dxaade 

and that the Shapovalov form on the right hand side is identified with the symmetric 
bilinear form on the left hand side considered in Section |4~B"1 By (|4.19l) . under the 
isomorphism (|4.2ip , the latter is identified with the bilinear form on J 7 ^ \ in Section 
14.61 Thus Proposition 15.131 implies Etingof's conjecture. 

Proposition 5.15. Let AgP r with r ^ 0. 

(a) We have a triple of adjoint junctors (a A ,!, a A , a\^). 

(b) For b = *, !, q — 0,1, . . . ,m — 1, and i there are isomorphisms of functors 
e q R l a x ^ = i? 4 a A ,b e ? , e q a* x =a* x e q , f q K l a Xib =R l a Xib f q , f q a* x =a* x f q . 

Proof. By definition of the functors A x ^, A X \ we have 

A A ,*(0(r)) c D>°(P(T)), A Xil (0(T)) c D< (O(T)). 

Thus, by Proposition 15.21 we have the triple of adjoint endofunctors of O(r) 

(oa,i, a* x , a A ,*) = (H°(A Xt! ), A* x , H°(A X ,*)). 

This proves (a). Next, let us prove part (b). It is enough to give isomorphisms of 
functors 

e q a* x = a* x e q , f q a* x = a* x f q . (5.23) 
First, observe that we have an isomorphism of functors 

Fa* x = a* x F. (5.24) 
Indeed, for M £ 0(T n ) the transitivity of the induction functor [28, cor. 2.5] yields 
Fa* x {M) = °Ind„ +mr °Ind„, mr (M ® L mX ) 

= °indp;;+;;;;; +1 °ind^ + j;;(M ® L mX ) 

= °Ind^+ m m ; +1 (M®L mA ), 

a* x F{M) = °Ind n+1 , mr (°Ind n (M) ® L mX ) 

= °Ir4>+-+/ (°Ind^ +1 (M) ® L mX ) 
= ^Ind^"™ Ind^^; m -(Af ® L mX ) 
= Ind^+j; +1 (Af ®L mA ). 
By (1534)1 for each M £ 0(T n ) we have 

0/,al(M) = 0a A / ? (M). (5.25) 

9 9 

We must prove that we have also an isomorphism f q a x (M) = a* x f q (M). Let 
0(r)„ C C(r) be the full subcategory consisting of the modules whose class is a 
weight vector of weight v of [0(r)]. Here v is any weight of the s[ m -module [O(r)]. 
Recall that 

Lemma 5.16. We have the block decomposition 0(T) — ©„C(r)„, where v runs 
over the set of all weights of the s\ m -module [0(T)\. 



34 



P. SHAN, E. VASSEROT 



Proof. By [2S] the image by KZ : [0{T)} -> [Rep(H(r))] of the class of a stan- 
dard module is the class of a Specht module. By [21] thm. 2.11] we have a block 
decomposition 

Rep(H(r))=0Rep(H(r)) ! „ 

V 

where v runs over a set of weights of sl m and the block Rep(H(T))„ is generated by 
the constituents of the Specht modules whose classes are the images by KZ of the 
class of a standard module in 0(T) V . In particular, each Specht module belongs 
to a single block of Rep(H(r)). Now, since the standard modules in 0(T) are 
indecomposable (they have a simple top), each of them belong to a single block 
and any block is generated by the constituents of the standard modules in this 
block. Finally, by [T^] the functor KZ induces a bijection from the blocks of 0(T) 
to the blocks of Rep(H(T). Hence two standard modules belong to the same block 
of O(r) if and only if their images by KZ belong to the same block of Rep(H(T)). 
Therefore 0(r)„ is a block of 0(T). This proves the lemma. □ 

Therefore, to prove the isomorphism f q a* x (M) — a* x f q (M) we may assume that M 
lies in 0{T) V . Then f g a* x (M) and a* x f q (M) belong to 0(T) U+Ctq by Proposition 
15.131 Thus the isomorphism above follows from (|5 . 25[) . The second isomorphism in 
(|5.23p is proved. Next, let us prove that we have an isomorphism of functors 

Ea* x = a* x E. (5.26) 

The first isomorphism in (|5.23[) follows from (|5.26l) by a similar argument to the 
one above. For M 6 0(T n ) we have 

Ea* x (M) = °Res„ +mr °Ind„, mr (M ® L mX ), 
a* x E(M) = Ind n _ 1: „ ir ( Res„(M) <g» L mX ), 

As above, we abbreviate L = Lf^y By Proposition 15.41 it is enough to prove that 
we have a natural isomorphism 

°Res n+ror °Ind n , mr (A/ ® °Ind (m .)(L)) -> c, Ind„_ 1 , mr (°Res n (M) © °lnd (mr) (L)) 

that is equivariant with respect to the © r -action induced by the 6 r -action on 
Ind( m r)(L) given in (|5 . 1 6[) . To see this, note that Proposition IA.2I yields the 
following decomposition of functors 

H Res„ +mr o H Ind„ imr = ( H Ind n _i iTOr o ( H Res„ ® 1))© 

®( H Ind„, mr _i o (1 ® H Res mr )) e< \ 

Therefore we have also the following decomposition of functors 

KZ o Res„+ mr o ^Indn^mr = 

= (KZo Ind„_ 1 , mr o( Res n ®l)) © (KZ o °Ind„ )TOr _i o (1 ® °Res mr )) e£ . 

The induction and restriction functors on O(r) take projective modules to projec- 
tive ones, because they are exact and biadjoint. Thus, by (|3. 71) we have a natural 
isomorphism 

R^s n -|- mr Ind nimr (_f ) ) 

= Ind n _!, mr (°Res„ ® 1)(P) © ( Ind n , mr _! (1 © °Res mr )(P)) e£ 

for any projective module P E 0(T). Since <D(T) has enough projective objects, 
this yields an isomorphism of functors 

°Res„ +mr °Ind„, mr = °lnd n ^ 1 ^ mr (°Res„ <E> 1) © (°Ind n , mr _i (1 © Res mr ))®^. 
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In particular, the projection yields a morphism of functors 

°Res„ +mr °Ind n>mr -> °Ind n _i imr (°Res„ <E> 1). 

Applying this to the module M ® Ind( m r)(L) yields an © r -equi variant surjective 
morphism 

9(M) : Res„ +mr °Ind„, mr (M(g) Ind (m . ) (L)) -> c, Ind„_ 1 , mr (°Res„(M)® c 'lnd (m . ) 

Now, by (15.11) the left hand side is equal to£o (a*) r (M) and the right hand side 
is equal to (a*) r o E(M). So by Proposition 15 . 1 31 and the fact that the actions of S) 
and sl m on commute with each other, we have 

[E o (a*) r (M)] = [(a*) r o E(M)}. 

Thus ^(M) is indeed an isomorphism. So (|5.26l) is proved. □ 

5.4. Primitive modules. 

Definition 5.17. A module M G 0(T) is primitive if Ra*(M) = and E(M) = 
(or, equivalents, if R l a*{M) = e g (M) = for all q,i). Let PI(0(r)) be the set of 
isomorphism classes of primitive simple modules. 

Proposition 5.18. For L G Irr(C(r„)) the following are equivalent 

(a) L G PI(0(T n )), 

(b) L e Irr(0(r n )) OjO , 

(c) dim(L) < oo. 

Proof. Assume that L G Irr(0(T„)). The equivalence of (b) and (c) is Remark 
13.131 Let us prove that (a) (b). Fix 2, j ^ such that Supp(L) = Xij. Set 
i = n — I — mj. We first prove that J = 0. Assume that j > 0. Then we have 

I\(m3) = I\( m j-i) x ®mi IY( m j-i) C T n _ m . 

There are modules G 0(r„_ m ), /i G V m , such that in [0(r„ >m )] we have 

[Res„, m (X)] = ^ [Mft ® L M ]. 
Me? 3 ™ 

The transitivity of the restriction functor 28, cor. 2.5] yields the following formula 
[Resi(L)] = ^[Res 2 (M M ) ® LJ, Resi = °Res r ' n , , Res 2 = Resr n_m _ i . 

A" 

The if(r ; ( m i-))-module Resi(L) is finite dimensional, because Supp(L) = Xij. 
Thus we have Res 2 (-M AI ) = unless \i — (m), and 

[Resi(L)] = [Res 2 (M (m) ) <g> L {m) \. (5.27) 

Next, since Ra*([L]) = we have 

= [Res 2 Ra*(L)} 

= [^2 (M,,) ® RHom ( S „) (I( ffl ) , , 

= [Res 2 (M (m) ) <g>REnd 0( g m) (£ (m) )]. 

Thus, using thm. 1.3] we get Res 2 (M( m )) = 0. This yields a contradiction with 
(|5.27[) because Resi(L) ^ 0. So we have j — 0. Next, since E(L) = 0, by Corollary 
13.191 and Remark 13.111 we have i = 0. 

Finally, we prove that (c) => (a). We must prove that if L is finite dimensional 
then it is primitive. This is obvious, because °Res„ !m (L) = °Rcs„(L) =0. □ 
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Remark 5.19. By Proposition 15.181 the elements of Pl(0(T n )) form a basis of 

^b,o(r„). 

5.5. Endomorphisms of induced modules. For r^lwc consider the algebras 

B r = & r X C[X1,X2, ■ ■ - ,X r ], B r j = B r /(x{,X 2 , . . .,X r ). 

The following proposition is the main result of this subsection. 

Proposition 5.20. Let r ^ 1. 

(a) The C-algebra homomorphism C& r — > Endo(r)((a*) r ) in Proposition \5.4\ ex- 
tends to a C-algebra homomorphism B r — > Endo(r)((a*) r ) such that x\, X2, . . . ,x r 
map to nilpotent operators in Ende>(r)((a*) r (£)) for each L G 0(T). 

(b) The C-algebra homomorphism B r — > Endo(r)(( a *) r ) factors to an isomor- 
phism B rA = End 0( r)((a*) r (L)) for L G PI(C(r)). 

Proof. The proof of this proposition is done in several steps. Let H(r„/ m r)), H(r„) 
and Xi be as in Appendix [21 Consider the elements 

Si = -^n+m(i-l)+l-^n+m(i-l)+2 ' ' ' ^n+mi, I = 1, 2, . . . , r. 

They belong to the centralizer of H(r n ( m r)) in H(r n+mr ). Thus the right multipli- 
cation by £i, i — 1,2,..., r, defines an automorphism £j of the functor H Ind„( m r-). 
More precisely, for a H(r nj ( TO r))-module M we set 

H £i(h ®v) = h&®v, he H(r„ +mr ), v e M. 

The functor KZ yields a C-algebra isomorphism (|5.3p 

KZ : End(°Ind„, (mr) ) End( H Ind n>(ro .) oKZ). 

Thus there is a unique endomorphism £i of the functor Ind ni ( m r) such that 

KZ(°&(M)) - H 6(KZ(A/)), VM G 0(r n , (mr) ). (5.28) 

The functor • ® L : 0(T n ) —> 0(F n j m r->) yields a C-algebra homomorphism 

End( Ind„ i(m ,)) -> End((a*) r ). (5.29) 

Let & denote the image of £j by the map (|5.29[) . Next, recall the operators 

fi € End((a*) r ) = End((^*) r ), i = 1, 2, . . . , r - 1 

defined in Proposition 15.41 see also the proof of Lemma 15.31 

Lemma 5.21. The following relations hold in End((a*) r ) for j ^ i,i + 1 

fj o £ o fj = fi o ^ o fi = £j. 

Proof. By (|5.28[) and (15. 4[) it is enough to prove that 

( H r, 1 T4 ) o ( H £ 1 T4 ) o H r t = H 6+i, ( H r, l n ) o ( H & l n ) o H r, = %, 
To do so, we are reduced to check the following relations in H(r n+mr ) 

-^TiSj-^Vj — Ci+ii r ^r i ^jT Ti £j. 
Recall that Q is a m-th root of 1. Let = n + (i — l)m + 1, 6j = n + and 

A direct computation yields that 

TV, = ^o^i • • • K m -2K m -iK m -2 ■ ■ ■ K\K . 
Further, for ^ / ^ m - 1 we have 

KiX ai X ai+ i ■ ■ ■ Xi >i -i^2Xb i -i-i{Xb i -iXb >i -i+2 ■ ■ ■ Xb i+ i)Ki = 
= ( l+1 X ai X ai+ i ■ ■ ■ Xb i -i-2(Xb i -i-iXb l -i+iXi Ji -i+3 ■ • ■ Xb,+i+i), 
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and for ^ I ^ m - 2 we have 

Kl(Xbi-l%bi-l+2 ' ' 4 Xb i +l)Xb i +l+2Xb i +l+3 ■ ■ ■ Xbi+mKl = 
— (Xbi-l+lXbi-l+3 ■ ■ ■ Xb i +l-\)Xb i +l + \Xb i +l+2Xb i +l+3 ■ ■ ■ Xbi+m- 

We deduce that 
T Ti £,iT Ti = T Ti X ai X ai+ i ■ ■ ■ XbiT Ti 

_ ^1+2+ + m J£ Q . . . K m -2X ai +lX ai+ 3 ■ ■ ■ Xb i + m -2Xb i + m K m -2 • ' ■ K.Q 
_ /-l+2+-+my-X+2+— +m-ly y y 

/-rn 2 c 

= 

The relation T Ti £jT Ti — £j for j ^ i, i + 1 is obvious. □ 



For any element w G © r we set 

t w = r ix f i% ■■■f ik G End((a*) r ) 

for w — Sjj Sj 2 • • • Si fc . This definition does not depend on the choice of the decom- 
position of w by Lemma IQ1 Next, for a tuple p = (j>i,P2, ■ ■ ■ ,Pr) G 27 such that 
^ Pi < i we set 

Lemma 5.22. For any L G Irr(C(r)) i/ie elements £" f w (L) ofEnd 0{r) ((a*) r (L)), 
with w G © r and p G [0,^) r , are linearly independent. 

Proof. For iy, ii, . . . , ife,|> as above the expression r^r^ • • - Ti h is reduced. Let us 
define the following elements in H(r„ +TOr ) 

f — T T ■ ■ ■ T PP — P Vl f P2 ■ ■ ■ pV T 

Recall that the elements 

XfXf ■ ■ ■ X%+£T W1 Pl G [0,t), we 6„ +mr , 

form a C-basis of H(r n+mr ). Further £ p centralizes H(T n r m r\) and the element 
T ii T i 2 ' ' ' T ik above is minimal in its right 6(„ iTO r)-coset. Therefore the left H(r„ ( m r))- 
submodule of H(r„ +mr ) spanned by 

{et w ;w g 6 r ,pe[0,/) r }, 

is indeed the direct sum 

H(r„ ,( m r )) £, p t w , 

where p runs over [0,£) r and u> over S r . In other words, there is an injective 
H(r„ ( m r))-module homomorphism 

H V : H(r n , (mr) )® rr! -»• H(T B+mr ), i ^ ^ ftp,™ C p t w , (5.30) 

where w,prun over & r , [0, respectively. Further, since £ p centralizes H(r n ( m rj), 
the relation (|5.2[) yields 

t™ = ezt w = etww-^z), z g H(r„ :(m ,.)), 

where w~ 1 (z) = r ik ■ ■ ■ r t2 T n (z). Therefore u ip is a (H(r„ i(m r)), H(r„ i(m ,-)))- 
bimodule homomorphism, where the right H(r„ > ( m r\ )-action on H(r„ r m r))®^ r! is 
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twisted in the obvious way. Since H ?/> is injective, and both sides are free H(r nj ( m r-,)- 
modules, for each M G 0{T n i m r\) we have an injective homomorphism 

*ty(KZ(M)) : ($wKZ(M) -> H Res„, (m rj o H Ind„, (ror) KZ(M) = 
= KZo Res„ i(m r) o°Ind fl)(tB r)(Af), 

where 

to = T tl T !2 . ..r ijs : Rep(H(r„ ;(m r-))) ->• Rep(H(r„ )(m r))). 
Further, we have 

wKZ(M) = KZ(wM), 

where 

w ■■ o(r„ i(m r)) o(r„ i(m r)) 

is the twist by the permutation 

w : ff(T n , (m r)) - H(T n ) ® P(6 m )® r (T n ) ® (6 m )® r = ff(r n , (TO r)). 
The canonical adjunction morphism 

P -> S(KZ(P)) 

is an isomorphism for each projective module P 6 C(r). Here 5 : Rep(H(r)) — > 
O(r) is the functor from Section lXTl Further, the functors Res„ ; ( m r) and °Ind n ^ m r- 
preserve the projective objects, because they are bi-adjoint and exact. Therefore, 
applying the left exact functor S to the map H f/'(KZ(P)), with P projective in 
0(r nj ( m r)), wc get an injection 

°i>(P) : wP -> ° Res n , (m .) o ° Ind„, (m .)(P). 

Since the category 0(r„( m r)) has enough projective objects and since the functor 
° Res„ ( m r) o ° Ind n ( m r) is exact, the five lemma implies that there is a functorial 
injective morphism 

°il>(M) :®»M -> °Res nXmn o ° Ind n , (m ,)(M), M G 0(r„ >(m .)). 

Now, set M = L <g> with L e Irr(C(r)). Then we have ioM = M for all w as 
above. Therefore we get an injective linear map 



C rr{ = Hom 0(r) (L ® Lf^.L® if^)®™ -> 

9r Ot}„„ . . O- 



-y Hom 0(r) (L ® L^j, u Res„, (m .) u Ind„, (m r)(i ® Lf^)) = End 0( r)((a*) r (£))- 
It maps the canonical basis elements to the elements £ p f w (L) with w £ @ r and 

P e[0,f) r . □ 

Lemma 5.23. For L 6 PI(C(r„)) the following identity holds in [0(T n r m r\)] 

[°Res n){mr) (a*) r (L)]=£ r r\ [L®Lf^]. 
Proof. By Lemma \2. 5 1 the left hand side is equal to 

a: 

where = ifn ^ja;" 1 Pi r n> / m r) and a; runs over a set of representatives of the 
double cosets in T n i m r} \ T n+mr /T n ^ m ry Since W x is a parabolic subgroup of 
r n ,(m r )j h is generated by reflections. Hence we can decompose the group W x in 
the following way 

w x = w' x xw' x \ <cr„, w x 'c&: n . (5.3i) 
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Here W' x , W" are parabolic subgroups. We have 

°Resfe ( ^(L ® Lfa) = °Res^(L) ® ^Res^Lp, 

and a similar decomposition holds for the induction functor. Further, since L G 
PI(0(r„)) we have °Res^,(L) = if W' x is proper by Proposition IBTTgl Thus we 
can assume that W' x = r„, i.e., we can assume that x belongs to the subgroup 
{1} x r„„. C T n+mr . We'll abbreviate 

<s r m - {i} x &r m : r mr = {1} x r mr . 

Then we have W" — x&^x^ 1 D & r ml and we are reduced to check that 

x 

where W x = x&^x^ 1 D & r m and x runs over a set of representatives of the double 
cosets in & r m \ T mr /& r m . Now, observe that 

°Re4:(^)) = o 

unless x&^x -1 = & r m , and that x&^x^ 1 — & r m if and only if x belongs to 
^r„(6J, the normalizer of & r m in T mr . Further, we have a group isomorphism 

N rmr (e r m )/& r m = r r . 

This proves the lemma. □ 

Lemma 5.24. For L e PI(0(r)) the elements £ p f w (L) withw G & r andp e [0 7 £) r 
form a basis of End ( r ) ((a*) r (£)). 

Proof. By Lemma 15.221 it is enough to check that 

dim End 0(r) ((a*) r (L)) < trl 

For L G PI(C(r„)) Lemma [Ol yields 

dim End 0(r) ((a*) r (L)) = dimHom 0(r) (L ® Lf^,° Res n , (m .) (a*) r (L)) < f r!. 

□ 

Lemma 5.25. For i = 1, 2, . . . , r and L G 0(T) the operator £i(L) + 1 on (a*) r (L) 
is nilpotent. Further, if L G PI(0(r)) we have (&(£) + l) f = 0. 

Proof. The C-vector space [0(r)] is equipped with an s[ m -action via the isomor- 
phism (|5.20p . see also Remark [4771 For a weight ju of sl m let 0(1% C 0(r) be the 
Serre subcategory generated by the simple modules L whose class in [0(r)] has the 
weight fi. Set 0(r„) M = 0(1% n 0(T n ). Although we'll not need this formula, 
note that if A\ G 0(r„) M then we have 

m— 1 

A* = Mo - ^2 n q (X)a q 

g=0 

where /io is a weight which does not depend on n, A, and n q (X) is the number of 
q-nodes in the ^-partition A. The element 

z n = X1X2 ■ ■ ■ X n 

belongs to the center of H(T n ). Thus it yields an element H z„ in the center of 
Rep(H(r„)). Since KZ identifies the centers of 0(r„) and Rep(H(r„)), it yields 
also an element z n in the center of 0(r n ). Let L G Irr(0(r„) M ). Then °z n acts on 
L by multiplication by the scalar f(w j w here v is a linear form such that v{a.i) = i 
for i = 0, 1, . . . , m — 1, see e.g., (2"8l sec. 4.1]. Now the operator a* maps OlTn)^ to 
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OiJ^n+mjp+s by Proposition [5J2] Thus z n+m acts on a*(L) by multiplication by 
the scalar ^ < -f J -+ s \ Therefore £1 acts on a*(L) by multiplication by the scalar 

^•v(S) >m(m— 1)/2 

By Lemmas this implies that for any L G 0(T) we have (f;(L) + 1) N = 
in Endci(r)((a*) r (i)) for i = 1, 2, . . . , r and iV large enough. 

Now, assume that L G PI(0(r)). Let iV, be the minimal integer such that 
(&(£) + 1)^ = 0. By Lemmas EIH Owe have N t = N 2 = ■ • ■ = N r . Hence, by 
Lemma 15^21 we have also £ = Ni = N 2 = ■ • ■ = N r . □ 

Now we complete the proof of Proposition 15.201 The previous lemmas imply that 
the assignment 

!»>-»■ & + Sjt-+fj, £=l,2,...,r, j = 1,2, . . . ,r - 1, (5.32) 
yields a C-algebra morphism £> r — > End^r) (( a *) r ) such that maps to a nilpotent 
operator in Endo(r)(( a *) r (-^)) f° r each L G 0(T). The action of Sj on (a*) r given 
above is the same as the action of Sj on (A*) r in Proposition [533 This proves part 
(a). Part (6) follows from Lemmas I5T2H 15.251 □ 

For a module M in O(r) the adjunction yields a morphism 
rj(M) : M®Lfr -> °Re8 n , (m r ) (o*) r (M). 



Corollary 5.26. for r ^ 1 and L G PI(0(r„)) £/ie C-algebra isomorphism h5.32\) 

B r>e = End 0{r) ((a*) r (L)) 
yields an isomorphism of B r ^ x H{T n t m r\) -modules 

B r>i <g> (L ® Lf^ } ) -> °Res ni{m r ) (a*) r {L), w ® u i-> °Res n ,( ro r. ) (iy) • 
Proof. The corollary follows from Proposition 15.201 and Lemma 15.231 because 

End 0(r) ((a*)' r (i))=Hom 0(r) (L®L®'; ) , Res n , (m , ) ( a *) I '(L)) 
is a free B r ^-module of rank one and, in [0(T n i m r\)], we have 
[ Res nAmr) (a*) r (L)] = dim(B r ,<) [i ® Lf^]. 

□ 

Definition 5.27. For A G V r , r ^ 1, we can regard the 6 r -module Za as a i? r ^- 
module such that x\, x 2) ■ ■ ■ , x r act by zero. For L G PI(C(r n )) we define 

a* x (L) = L\ ® Br>t (a*) r (L) G 0(r n+mr ). 

Definition 5.28. For r^lwe define a functor 0(T n+mr ) —> Rep(6 r ) ®0(r„) by 

¥(M) = Hom 0(6;n) (i®; ) , Res n!(m , ) (Af)) 

- Hom 0(6mi . ) (°Ind (m . ) (L^ ) ), °Res n , mr (M)). 

The (5 r -action on ^(M) is the 6 r -action on Ind( m r) (Lf\) in the proof of Propo- 
sition [531 In other words, we have ^> = (a*) r , viewed as a © r -equivariant functor 
as in the proof of Proposition 15.41 

Corollary 5.29. For r ^ 1 and L G PI(C(r„)) we /iaue an isomorphism 
(L0L ped im (L A ) = o ReSn (mr) (a*(L)) 

as iJ(r n ( - m r)) -modules, and we have an isomorphism of & r x H(Y n )-modules 

L x ®L = ^{a* x {L)). 
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Proof. Corollary 15.261 yields an isomorphism 

B r j ® (L ® = °Res„ i(m , ) ((a*) r (i)) 

which factors to an isomorphism 

C6 r ® (L <g> L«*) = °Res ni(m .) (1W(£)) , (5.33) 

with 

(^T(L) = (aT(i)/E^( a *) r ( L )- 

i 

Further, taking the isotypic components the isomorphism (15 .33[) factors to an iso- 
morphism 

(L0L p®d im (L A ) = o ReSn{mr) (- l{L) y 

This proves the first claim. To prove the second claim, observe that Corollary 15. 261 
and (|5.33p yield compatible 6 r x 6 r x H (r n )-module isomorphism 



B r j®L = ^((a*) r (L)), Ce r ®L=-$((a*) r (L)). (5.34) 



The first © r -action on 5 , ((a*) r (L)) is the 6 r -action in the definition of ^P, and the 
first © r -action on C& r ® L is the dual of the right © r -action on C© r . The second 
6,.-action on \E , ((a*) r (-L)) is the © r -action on (a*) r (L) in Corollary 15.261 and the 
second 6 r -action on C6 r <8>L is the left 6 r -action on C6 r . To identify the actions 
as above, it is enough to note that the isomorphism 

B r/ = Hom 0(rn) (L, B r j <g> L) = Hom 0( r n) (L, V(a*) r (L)) = 

= End 0(r) ((o*r(L)) < "'" ,) 

given by (|5.34[) is equal to the isomorphism (15.321) . and that the © r -actions on 
(a*) r (L) are taken to the left and to the dual right 6 r -action on B r ^ by the map 
(15351) . Next > write 

A 

as an & r x © r -module, and take the isotypic component. □ 
5.6. Definition of the map OA- 
Proposition 5.30. For A G P r with r ^ 1 we have 

OA (rVi)) G Fij+r (r n _)_ mr ), (Z A (J^n) ) ^- ^J+T't^Ji+mr) • 

Proof. By Remark 13 . 1 51 we have 

Supp(L mA ) = l6; ; cj"-- 

Let L e Irr(C(r„)). First, assume that L G lrr(0(r„)) i):; -, i.e., that 

Supp(L) = X/^Cn 

by Remark 13.121 Hence the module L <S> L m \ has the following support 

Supp(L ® L mA ) = -Xj,j,c» x Xe^.q*"-- 

So by Proposition 12. 71 we have 

Supp(a A (L)) = X lJ+r}C n+ mr . 

Thus the class of a* x (L) belongs to Fij +r {T n+mr )° by Remark 13.121 Next, assume 
that [L] G F id (r n ), i.e., 

Supp(L) = Xi'j' t c n , Xi'j' t c n C Xj^c- 

Thus we have 

Supp(tt A (L')) = Xj/^v+^cn+mr. 
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So (EST) yields 

i.e., the class of a* x (L) lies in -Fij+ r (rn+mr)- D 

Proposition 5.31. Let A G V r with r ^ 1, and Zei L G PI(0(r„)). The module 
top(a^(L)) has a unique constituent in Irr(0(T n+mr ))o,r- 

Proof. Since the module L is primitive, it belongs to lrr(0(r„))o,o by Proposition 
15.181 Thus [a^(L)] G -Fo,r(r„+ mr ) by Proposition 15.301 Thus the constituents of 
a* x (L) belong to the set 

(J lrr(0(r„ +mr ))o,j 

by Remark I3~TT1 Now, for L' in Irr(O(r„ +mr )) 0li we have ^Res^^r) (L') = if 
j < r, and dim c> Res„ ( m r)(L') < oo if j = r. Further, the constituents of a finite 
dimensional module in 0{& r m ) are all isomorphic to L?\, and, using [5J thm. 1.3] 
as in the proof of Proposition 15.71 we get 

Ext o(e-j( L (^); L (^)) = 0- 
Thus if L' is a constituent of top(a^(L)) then we have a surjective map 

*(aX(L)) -J- *(£')■ (5-36) 

We have also 

*( L ') = ®Rom (e mr )(L mfl , Res n , mr (L')). 

Finally, Corollary 15.291 yields an isomorphism of & r ® i?(r„)-modules 

L A ®L = *(aJ(L)). 
Thus the surjectivity of (|5.36[) implies that 

Hom0( Smp )(L m/t , o ReSn irm .(.Z/)) = 0> V> ^ A. (5.37) 

Since the 6 r ® i7(r„)-module La (8> L is simple, the map f|5 .36[) is invertible if it is 
nonzero. Assume further that V G lrr(0(r„ +mr ))o, r - Then Proposition 12.21 yields 

°Res„ :(m ,. ) (L') ^0. 

Since dim Res n) ( m r)(L') < oo and the constituents of a finite dimensional mod- 
ule in 0(&l n ) are all isomorphic to L?\, we have also ty(L') ^ 0. Therefore 
(|5.36[) is indeed invertible. This implies that top(a A (L)) has a unique constituent 
in Irr(C(r n+mr ))o.r- Indeed, otherwise we would have a surjective map 

a* x (L) -> L' © L", L', L" e lrr(0(r n+rm .))o,r, 

yielding a surjective map 

L X ®L = V(a* x (L)) -> *(L') © *(L") = (Z A © L)® 2 . 

This is absurd. □ 



Definition 5.32. For XeV r and L G PI(0(F)) we define a\(L) to be the unique 
constituent of top(a A (L)) in Irr(0(r))o jT -- 

Proposition 5.33. For L G Irr(O(r)) , r there is V G PI(C(r)), A G V r such that 
d\(L') ~ L. In other words, there is a surjective map 

PI(0(r)) x V r -y Irr(O(r)) , r , (£', A) h> a\(L'). (5.38) 
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Proof. By Proposition 15.181 the module L is primitive if and only if r = 0. Thus 
we can assume that r > 0, i.e., that a m (L) ^ by Corollary 13.191 else the claim 
is obvious. Now, we first claim that there is a module L\ G Irr(0(r))o, r -i with 
a surjective morphism a*(L\) — > L. Indeed, since a*(L) ^ 0, the adjunction map 
e : a*(et*(L)) — » L is non-zero, hence it is surjective. Hence, there is a constituent 
L\ of a*(L) such that e yields a surjective morphism a*{L\) — > L. 

Lemma 5.34. If L G Irr(C(r))o, r o,nd L\ is a constituent ofa*(L) such that a*(Li) 
maps onto L then L\ G Irr(£>(r))o, r -i- 

Fix the integer n such that L\ G Irr(0(T n )). Then £i acts on a*(L\) as the operator 

z n+m {a*{L 1 ))oa*(°z n (L 1 ))- 1 . 

The second factor is a scalar because L\ is a simple module. Hence X\ acts on 
a*(Li) as an element of the center of 0(T n+m ), see (|5.32|) . Therefore, since L is 
simple and since the operator x\ on a*{L\) is nilpotent by Proposition 15.201 the 
operator x\ is on L. Thus the map a*(L±) — > L factors to a surjective morphism 

ei : a*(Lt) -> L. 

This proves the claim. 

Now, assume that for < k < r there is a module L k G Irr(C(r))o. r -fc with a 
surjective homomorphism 

e k : J^f{L k ) L, J^f(L k ) = (a*) k (L k )/J2 Xi(a*) k (L k ). 

i 

By the claim above, there is a module L k+ \ G lrr(0(r))o, r -fe-i with a surjective 
homomorphism 

a*{L k+ i) ->■ L fe . 

Applying the functor (a*) fe , which is exact, we get a surjective map 

(a*) k a*(L k+1 ) -> (a*) fe (L fe ). 

Taking the quotient by the action of #2, ■ • ■ , x k , x k +\ it yields a surjective map 

fe+i 

(a*) k a*(L k+1 )/J2 x l (a*) k a*(L k+1 ) -> W(^). 

i=2 

Now, since a* is exact, we have 

( a *) fc a*(L fc+1 ) - {a*) k+l {L k+l )/ Xl {a*) k+1 {L k+l ). 
Therefore we get a surjective map 

fc+i 

(<F r (L fc+1 ) = {a*) k+ \L k+l )/Y,Xi{a*) k r{L k+l )^J^f{L k ). 

i=l 

Composing it with we get a surjective homomorpism 

e fc+1 : (a*) fc+1 (L fc+ i) — > L. 

By induction, this yields a module L r G Irr(C(r))o.o with a surjective homomor- 
phism 

e r : (a*) r (L r ) -)• L. 

Then we have L r G PI(0(r)) by Proposition 15.181 and there is A G V r such that 
a* x (L r ) maps onto L. The proposition follows from Proposition 15.311 □ 
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Proof of Lemma \5.34\ Fix i,j such that L\ G lrr(0(T))i t j. By Proposition 
l5~T5l since E(L) = we have E a*(L) = 0. Hence E{L{) = by Proposition 1531 
Thus i = by Corollary l3~T9l So, by Proposition [QUI we have a*{L\) G F 0J+1 (T). 
Since a*(L\) maps onto L, we have also [L] G i*b, j+i (T) . Since L G lrr(0(r))o, r 
this implies that r ^ j + 1 by Remark l3.11l 

Now, we prove that j + 1 ^ r. Fix n ^ 1 such that L G 0(T n ). Recall that 

a*(L) = Hom ( em )(L( m) , c 'Res„_ m:m (L)). 

Thus there is an obvious inclusion 

a*(Z) ® L {m) c °Res„_ m!m (L). 

Hence, since L\ is a constituent of a*(L), the module Li <E> Li m \ is a constituent of 
°Res rl _„ l!TO (i). Let us abbreviate 

W = Ti i ( m i- ) , I = n - (j + l)m, 

regarded as a subgroup of r„_ m . Then W x & m C r„_ m x 6 m in the obvious 
way. Since L\ G Irr(C(r n _ m ))o,j, we have 

Supp(ii ® £( m )) = ^vy'xe m ,C"- m xcj*- 

By Proposition 12.21 applied to the module M = L, we have also 

Supp(Li <g> L [m) ) = X WliC n- mxC n,, 

where W\ is a parabolic subgroup of r n -m,m containing a subgroup r„-conjugate 
to r n _ TOr ( m r). Hence we have Fo J+ i(r„) C Fo tr (T n ). Therefore we have j + 1 ^ r 
by Remark 13.111 

□ 



6. The filtration of the Fock space and Etingof's conjecture 

Recall that [C(r)] is identified with the Fock space J~l n \ via the map (|5.20p . The 
aim of this section is to identify the filtration on [C(r)] defined in Section 13.101 in 
terms of supports of irreducible modules, with a filtration on the Fock space given 
by representation theoretic tools. We'll use the following notation : n, m, j, i are 
integers with n > 0, m > 2, i,j ^ and i = n — I — jm. 

6.1. The representation theoretic interpretation of Fo.o(r). The goal of this 
section is to give a representation theoretic interpretation of .Fb,o(r) using the ac- 
tions of st TO and Sj on [0(F)] defined in the previous sections. Note that the set 
Irr(C(r))o.o is a basis of the C-vector space Fo^r). Further, we have proved that 
lrr(0(r)) ,o = PI(C(r)). in Proposition Q51 Recall that the operators b' r , r ^ 1, 
on J~^\ given in Section act on [O(r)] via the map (|5.20l) . 

Lemma 6.1. For L G Irr(C(r)) we have L G PI(0(T)) if and only if E([L]) = 
b' r ([L]) = m [0(T)] for all r ^ 1 

Proof. It is enough to prove that for L G PI(0(r)) we have b' r (L) = for all r ^ 1. 
A direct summand of the zero object is zero in any additive category. Further, for 
L G PI(0(r)) we have (Ra*) r {L) = for r > 1. Thus we have also Ra x ,*{L) = 
for all A G V by Proposition 15.41 By Proposition 15.131 the map (|5.20[) identifies the 
C-linear operator Ra\^ on [O(r)] with the action of b' Sx on given in Section 
14.61 This proves the lemma. □ 
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In particular the lemma yields an inclusion 

F 0l o(T) C{xe [0(T)] ; e g (a:) = l/ r (a:) = 0, Vg,r}. 

However it is not obvious that the right hand side is spanned by classes of irreducible 
objects of O(r). This follows indeed from Proposition 16.21 below. Before to prove 
it we need the following lemma. 

Proposition 6.2. We have 

{x G [0(T)\ ■ e q (x) = b' r (x) = 0, Vq,r} = F , (r). 
Proof. Consider the set 

F 0>0 (r)' = {x G F ,.(r) ; ^(x) = 0, Vr ^ 1}. 
By Corollary 13.191 it is enough to prove that 

F , (r) = F , (r)'. 

We have 

F ,o(r)' = 0F o ,o(r n )', F , (r n )' = %(r)'nf ,(r„). 

The actions of sl m and f) on J-^\ commute to each other. Thus, by Corollarv l3.19l 

the C- vector space Fo,.(r) is identified with a .fj-submodule of via the map 
(|5.20[) . and we have 

^dim(F ,.(r„)) -t n =^|}Irr(O(r n )) 0) .-t n . (6.1) 

The representation theory of S) yields the following formula in Z[[i]] 

(J2 dim(F 0>0 (r fe )') • t k ) (J2 P>r ■ t mr ) = J2 dim(F 0) .(r„)) ■ t n . (6.2) 

Finally, Proposition 15.331 yields a surjective map 

PI(0(T fc )) x 7> r -»• Irr(O(r n )) , r , (i, A) ^ a A (L) (6.3) 
for k,r ^ such that n = k + mr. From (|6.ip and (|6.3[) we get 

tt PI(0(r fc )) ■ «Pr ■ i mr ) - E dim(F ,.(r n )) • t" G N[[i]]. (6.4) 

By Corollary 13. 191 and Lemma l6Tl we have PI(C(Ffe)) C Fo^O^)', hence we have 

|PI(0(r fc )) <dim(F , (r fe )')- 
Therefore, comparing (|6.2|) and f|6.4[) we get the equality 

flPI(0(r fe )) = dim(F o , o (r fe )'). (6.5) 

In other words ¥\{0{T k )) is a basis of F 0)0 (r fe )'. Since PI(C(r fc )) is a basis of 
Fo.o(rfe) by Proposition [5TH1 we have also 

Fo,o(Ffe) = Fo,o(rfc) . 

□ 

Remark 6.3. The proof of Proposition 16.21 and Corollary 13. 191 imply that the map 
(|6.3j) yields a bijection 

PI(0(r fe )) x V r -»• lrr(0(r„)) o , n (L, A) ^ a A (i) 

for fc,r ^ such that n = k + mr. Note that Proposition 15. 181 yields 

PI(0(r fe )) = lrr(0(r fe )) o ,o. 
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6.2. The representation theoretic grading on [0(T)]. Using the actions of the 
Lie algebras Sj and s\ m we can now define a grading 

[0(r)]= ®[0(r)]ij. 

i,3>0 

Then, we'll compare it with the filtration by the support introduced in Section l3.101 
i.e., we'll compare it with the grading 

lO(T)} = gr^r). 
To do so, let us consider the level ml Casimir operator 

see (|4.2I) . Under the map (|5.20[) this formal sum defines a diagonalisable C-linear 
operator on [O(r)]. For any integer j let [C(r)] #J be the eigenspace of d with the 
eigenvalue j. Note that [0(T)]..j = if j < 0. Next, given an integer i ^ we 
define [©(T)]^. to be the image of 

\M-a]® Hom slm (V> 1 ™ , [0(T)\) 

under the canonical maps 

V* 1 - ®Hom slm (^, [0(r)]) -> [0(T)]. 

Here the sum runs over all sums a of i affine simple roots of sl m , and over all 
dominant affine weight fi of slm- If « < we set [0(r)]j t . = 0. 

Definition 6.4. We define a grading on [O(r)] by the following formula 

[o(r)],j = [o(r)],,. n [o(r)].j, [o(r n )]ij = [o(r)] 4J n [o(r n )] 

Proposition 6.5. VKe /iave dim[0(r n )]j j = dimgr i j(r n ) /or all n,i,j 0. 

Proof. The vector space [0(r)] o ,. is a i>submodule of [O(r)]. Thus it is preserved 
by the linear operator d and [O(r)] 0j is the eigenspace with the eigenvalue j. Since 
the .fj-action on [0(r)]o,» has the level ml we have [d, bj] — jbj for all j > 0. Next, 
we have 

[O(T)] 0l . = F 0t .(T), [O(r)] ,o = Fo,o(T) 
by Corollarv l3.19l and Proposition ^. 21 Further, the .fi-action yields an isomorphism 

u-(sj) j ®[O(r)] 0fi = [O(r)] 0J , (6.6) 

By Remark 16.31 for n = k + mj we have a bijection 

lrr(0(r fe )) ,o x V -> Irr(O(r„)) 0j , CM) ^ S A (L). (6.7) 

Thus the isomorphism (|6.6I) yields the following equality 

dim [O(T w )] j - «Irr(O(r„)) 0J . (6.8) 

Now, to compare dim [C(r„)]j J - and fllrr(0(r n ))jj for any i > 0, we need some 
tools from canonical bases. Since the integrable s( m -module [O(r)] is not simple, the 
choice of a canonical basis of this module depends on a choice of a basis of [O(r)] 0) . . 
The general theory of canonical bases yields a bijection G between the canonical 
basis of [O(r)] and its crystal basis, the latter being identified with lrr(0(r)) by 
Proposition 13. 31 The bijection G is such that a basis of [O(r)]o.« is given by 

{G(L)-e q (L) = 0, V<?}. 
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By Corollary 13 . 191 we have 

{L G lrr(0(r)) ; e g (L) = 0, Vq} = Irr(O(r)) ,. 

= {a\(L) ; VA G V, VL G lrr(0(r)) o ,o}. 
We'll choose the canonical basis of [0(T)] such that 

G(a x (L)) = a* x (L), VA G V, VL G Irr(O(r)) , . 

Then the set {G{L) ; L G Irr(O(r)) 0j } is a basis of [0(T)] Oj by (EU) and (l6~7)l . 
The s[ m -action on [0(T)] commutes with the operator d. Thus [©(r)].^- is an 
s[ m -module and the s[ m -action yields a surjective C-linear map 

U-(sl m )i ® [O(T)] j -> [©(r)]^-. (6.9) 

For weight reasons, the crystal of [O(r)] decomposes in the following way 

lrr(0(r)) = □ br(0(r))^, lrr(0(r))^ = {L e lrr(0(r)) ; G(L) G [0(r)] w }. 

Since {G(L) ; L G Irr(O(r)) 0li } is a basis of [O(T)] ,j, we have 

Irr(O(r))^.=Irr(O(r)) 0J . 

Next lrr(0(r))^ • is the union of connected components of Irr(0(T)) whose high- 
est weight vector is in lrr(0(r))g and by Corollary 13.181 the set Irr(C(r)). j is 
the union of connected components of Irr(0(T)) whose highest weight vector is in 
Irr(C(r))o,j ;• Thus, for all n we have 

By Corollary 13.181 and (|6.9[) . for all i we have also the inclusion 

lrr(0(r„))^. G Irr(0(r n )) 2J , (6.10) 
Thus (|6.10[) is indeed an equality. By definition, we have 

dimgr^.(r n ) = ttlrr(0(r„)) iii , dim [0(T n )] i;j = jjlrr(0(r n ))^.. 
Thus the corollary is proved. □ 

Remark 6.6. Recall that gr^^r) is identified with the subspace of [O(r)] spanned 
by Irr(C(r))ij-, see Section 15. 101 Proposition 16.51 does not imply that [C(r)]ij is 
also spanned by Iir(0(T))ij. However, since 

[0(r)] o ,o - {x G p{T)] ■ e g (x) = b' r (x) = 0, Vq,r}, 

the subspace [O(r)] ,o is indeed spanned by Irr(0(r)) Oj o by Proposition 16.21 

6.3. Etingof's conjecture. Let a Pi9 be the root of the elementary matrix e P:q . 
Recall that loq, uj\, . . . , coe-i are the affine fundamental weights. Fix a level 1 weight 

A = hp Lu p . 
p 

Definition 6.7. Let cia be the Lie subalgebra of gl £ spanned by 1, D and the 
elements e Pi9 ® w r with p, q = 1,2, ... ,£ and r £ Z such that (A, — hr G Z. 
We abbreviate a = &a and d = a n gl e . 

We define the set of positive real roots of a to be the set consisting of the real 
roots of gl £ of the form a + (r — (A, a) /h)5 where a is a root of gig and a + rS is a 
positive real root of Qlg . Let P£ be the set of dominant integral weights for d, i.e., 
the set of integral weights of gl e which are ^ on A+. For /i G P£ let V* be the 
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corresponding irreducible integrable a-module. We'll say that a non zero vector of 
an a-module is primitive for a or ^.-primitive if it is a weight vector whose weight 
belongs to P£, and if it is killed by the action of the weight vectors of o whose 
weights are positive roots of a. Now, let h, h p be the parameters of the C-algebra 
H(F n ) for each n > 0. Assume that ft, is a rational number with the denominator 
m > 1. The elements of S) can be regarded as elements of qI? as in (|4.3[) . We have 
b mr , b' mr £ a for each r > 0. The formal sum 

acts on every d-module V°. It is the m-th Casimir operator of gl e introduced in 
(|4.25[) . For any weight A and any integer j we denote by V£[A,j] the subspace of 
weight A and eigenvalue j of d m . We are interested in the following conjecture [5J 
conj. 6.7]. 

Conjecture 6.8. There exists an isomorphism of C-vector spaces 

&ij ( r « ) = K N - i] ® Hom * Otf . KS 4 ) . (6- 1 1 ) 

where the sum is over all weights fi £ P? such that (p,, fi) = —2i. 



Remark 6.9. If A = ljq then we have 

fie*, = (flk ® C[a7 m , ro-" 1 ]) © CI © CD, 
and the map (|4.23[) below yields a Lie algebra isomorphism a Uo = gl e . 



Remark 6.10. Assume that the ftp's are rational numbers. Let K be the algebraic 
closure of the field K = C((tzr)). Set 

t-i , 

p=l 1 

We have 0(7) = —(A,a)/h for each root a of 5^. We may view 7 as the element 
j(zu) in Te(K). We have a = ad(7) _1 (d tlJo ). Now, assume that ft., h p are as in (|3.9I) . 
Then we have 7 £ P sl<! , because 

7 = X^ s p +1 ~ s p) ( w p ~ 
p=i 

A short computation using the standard identification of lo p — luq with the ^-tuple 

(IPO*-") - (p/*) (l') (6.12) 

shows that 7 belongs to Q sli if and only if the ^-charge s has weight 0. In this case 
7 £ T((K), more precisely, 7 is a cocharacter of Tf. Thus the element £ 7 of the 
affine symmetric group is well-defined. For a future use note that 

7(s,m)=^ 1 M', (6.13) 

where j(s, m) £ P 5lf is as in dUTSJ), and that £ 7 (/i) £ P| if and only if // £ Pf f . 
Here /j,' is as in (|6.16l) below. 



HEISENBERG AND CHEREDNIK 



49 



6.4. Reminder on the level-rank duality. For A G Z we consider the weights 

7(A, m) = 7 (A, m) - A(A, m)S G P sU , 

with 7(A, m) G P slf , see Remark 14.71 and (|4.15[) . Note that 7(A,m) is dominant if 
and only if 

A g A(l, m) = {(Ai, A 2 , . . . , A £ ) e Z £ + ; Ai - A £ s: m}. 
For d G Z we write 

A(4 m)d = {A G m) ; ^ A p = d}. 

p 

The level-rank duality yields a bijection A(£,m)d — > A(m,£)d, A i— > A^ such that 

• we have the equality of weights 

P =i 

• we have an 5[ m x Sj x s^-modulc isomorphism 

^A V) ® ^ ® ^U) ( 6 - 14 ) 

Ae J 4(£,m) (J 

and there are highest weight vectors v^,e), v m£, ^(A.m) OI ^(AV)' 

^(A,m) SUCn tnat I ' A ) = W 7(At,£) ® V mt ® «7(A,m) for A G 77l) d . 

See e.g., (3.17)], [501 sec. 4.2, 4.3], for details. Let s = (s p ) be an ^-charge of 
weight d. Setting d — 0, the formula (14. 16)) yields 

■^S= Vfe/,®^®^,^^.™)])- (6-15) 

AeA(^,m)o 

Here the bracket indicates the weight for the sl^-action of level m. 

6.5. Proof of Etingof 's conjecture for an integral ^-charge. In this subsec- 
tion we prove Etingof's conjecture in the particular case where the parameters h, 
hp are as in (|3.9I) . Note that our terminology differs from [5] because this case cor- 
responds indeed to rational (possibly non integral) values of the parameters. From 
now on, unless specified otherwise we'll assume that the parameters h, h p are as in 
(I3.9[) . and we'll also assume that the ^-charge s has weight zero. To any level one 
weight [i of gl e we associate the level m weight \j! given by 

t-i e-i 
fi' = m uip + / ] fJ*p(wp — k'o) where /i = ujq + ^ p {uj p — ujq). (6.16) 
p=i p=i 

Note that 7 G Qf and that 7(5, m) = ^(wo)' by j|?TT3")l . Using this and ([6TT5)l we 
get a sl m x Jo-module isomorphism 

\eA(£,m) 

Thus, by gUnj), (14321 and (gJ5) we have 

where the bracket indicates the weight subspace for the gl^-action of level 1. Since 
the map (|5.20j) yields an isomorphism [O(r)] = J^i, we get also an isomorphism 

[o(r)] = v^[e7 1 M]- (6-i7) 
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Under this isomorphism we have 

[O(T n )} = v£'[(- 1 (u )-n6] 
by (14.291) and the following lemma. 

Lemma 6.11. (a) If A c is an l-core such that t(A c ) = s then n^{\ c ) — ^(7,7). 

(b) The element |0, s) is an extremal weight vector of the module J-^\ = 
with the weight ^~^(cjq). 

The formula (|6.1ip we want to prove is 

dimgr^rg = Y, dim(t£[wd - nS,j] ® Hom~ a (V«,V$)), 

A" 

where the sum is over all weights \i s Pf such that (/i, /1) = — 2i. The proof consists 
of three steps. 

Case 1: First, let us consider the sum over all i's. We must prove that 
dimgr # J (r„) = dim(V^[w - n5,j]). 

Note that 

dim(l/^[ Wo - nS,j}) = dim^^M - n8,j}), 

because the Casimir operator d m commutes with the 7-action on VSl e by (|4.24l) . 
Therefore, by Proposition 16.51 we are thus reduced to prove that under (|6.17[) we 
have 

This follows from the equality of the Casimir operators (??) and (|4.25[) . see (|4.24l) . 
Case 2 : Next, consider the case i — 0. Let ® n ,o be the image of 

Vg[v - nS,j] ® Hom a (^ a , V$) (6.18) 

A 

by the canonical maps V- 1 <g> Hom^V^f, V®l l ) —¥ V^l" ■ Here fx runs over the set of 
all weights in P? with (/i, /*) = 0. By Proposition 16.51 and the discussion above we 
must prove that the image of [0(r„)]oj by (|6.17p is isomorphic to Q n ,o as a vector 
space. To do that, observe first that by definition of [0(T n )]o,j the map (|6.17[) takes 
[O(r rl )] j onto the subspace 

^'I^W-^n «7(AV)®^b1<8^, m) - (6-19) 

Note that v^^^e) 

® ® ^ ( A, ro) is the submodule of JF^ = ^ generated by 

the vector |0, A) for the level m action of $l e . Note also that a Wo ~ gl e by Remark 
16.91 Finally, the set of weig hts of VS? 

is 

Wt(^) = {^o + /3;/3eQ 5lf }, 

see Section |4~51 and we have the following lemma. 

Lemma 6.12. (a) We have v 6 P+"° «/ and ora/y if v' € P^. 

(7>j VKe feaue {i/' ; 1/ e P+"° n Wt(Uj? lf )} = {<7(A, m) ; A e A (4 m) }. 
Thus, by Lemmas 16. Ill I6.12"l the space (|6.19p is indeed equal to 

^V^^ 1 ^) -nS,j], (6.20) 
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where the sum is over all extremal weights v in p""° n Wt(V^ ' f ) and V""° is 

identified with the a Wo -submodule of V^ e generated by a non zero extremal weight 
vector of weight v. Now, let us consider the space G n! o- Recall that {p, p) = 

if and only if p is an extremal weight of K? ' € . Further an extremal weight have a 
one-dimensional weight subspace, see Section [4.31 Thus O n ,o is equal to the sum 

0^> o -n<5,j], (6.21) 

where p runs over the set of all extremal weights such that Vjj e contains an o- 
primitive vector of weight p, say v^, and V? is identified with the a-submodule of 

VtSg' generated by Vjx. Now, Remark PS. 101 yields 

a = ad^r 1 ^), £ 7 (m) eFj^fie Pf° . 

Thus the 7-action yields a linear automorphism of K? If such that 
7 _i (F _a Wo[e _ 1(a;o) _ n5)i]) = vJ (A) [ Wo - nS,j], V/i e 

Thus (|6.20p is equal to Q n ,o by the following lemma. 

Lemma 6.13. For all weight fj, in n Wt(K? ' f ) i/ie module K? tf contains a 

&a;o -primitive vector of weight p. 

Case 3 : Finally, consider the general case. Fix the integers n,j. Let <d n ,i be 
the image of 

V* [ujo - nS, 3] ® Hom 5 {V? , V$ ) , 

V 

by the canonical maps V~ (g> Hom^Vp , VL? ' f ) — > V®l l ■ Here the sum is over all 
weights v S P? such that (z>, = — 2i. The same argument as for Case 2 implies 
that & n: i = j^ 1 (Q' n J where 8^ is the image of 

vf° ^(wo) - n*, 3] ® Hom 5 „ o (V'J' 1 *' , 

by the canonical maps V~"° (giHonin^ (V~"° , K? ' f ) — > V^ 1 ' , because the composition 
by the automorphism 7 -1 of V^ If yields a linear isomorphism 

Hom « k . v i e ) = Hom ^ "° . ) ■ 

Here the sum is over all weights /X G P, w ° such that (p, p) = —2i. Let us prove that 
(|6.17p maps [0(r n )]i iJ - onto 8^ i . The proof of Case 2 implies that (|6.17[) maps 
[O(T n )] 0d onto 8'„ . By (HI) we have 

U-(sl m )i ([0(T„)]oj) - [0(T n )]ij. 

By (|4.28|) we have also 

because the actions of sl m and a Wo commute with each other. Therefore, we have 

p(r n )] itj c e; M . 

On the other hand, the proof of the first case implies that 

[O(r»)].j = 0e;, 

Thus we have the equality [0(F n )]ij — Q' n i . 
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Proof of Lemma 16.111 A direct computation shows that 

1 1 1 

P =i 

Now, consider the partition A c = (Ai, . . . , Xkt)- We choose k to be large enough 
such that Xke — 0. Write 

Xi - i + 1 = {ai - 1)1 + b t , Is? 

The number of 0-nodes in the i-th row of the Young diagram associated with A c is 
equal to ai + a\. So 

kl 

n {X c ) = J2(a l + a' i )- 

i=i 

We have 

^ , -k(-k + l)£ 
l^ a i = ~ 2 ■ 

i=i 

By the definition of the bijection r, 
U i 

= ^2((-k + l) + (-k + 2) + --- + s p ) 

i=i p=i 



oE4 



-k(~k+l)£ 



P =i 

This proves part (a). For part (&), note that (a) and (|4.27p yield 

I>(|0 ) *» = -i<7.7)|0,«> 

Further |0, s) is a weight vector for the level one representation of with the weight 
luq — 7, see [3U1 (28)]. Thus |0, s) is a weight vector for the level one representation 
of gl e with the weight 

C^Vo) = wo - 7- ^(7,7)^ 
The latter is an extremal weight, see Section POl □ 

Proof of Lemma \6.12\ The set of all dominant integral weights of sle is 

i-\ 

{j(X,m) ; A e A(l,m)} = {(m- Ai + A £ )u; + J^(A P - X p+1 )uj p ; A G A(l,m)} 

p=i 

1-1 

= {mujQ + ^(X P - A p+ i) (w p -w );Ae A(^,m)}. 
P =i 

Set /3 = — ( w p — w o) with A G A(£,m). Identifying u> p — ujq with 

the ^-tuple (16.12[) . a short computation shows that (3 G if and only if A G 
A(^,m) . □ 

Proof of Lemma \6.13\ Fix a weight /1 in nWt(VLV). Fix a non zero element 
w G of weight ji = fi — i{n,(j,}5. We must prove that v is a Wo -primitive. The 



HEISENBERG AND CHEREDNIK 53 

argument is taken from [§J sec. 6.2]. By Remark l6.9l it is enough to prove that jl + v 
is not a weight of V^l 1 for any element v in the set 

{a P ,p+i, A - a i,£ + mS; p = 1,2, ...,£- 1}. 
In fact, since p, £ Pf , for such a z/ we have 

(A + z/, /i + t/) = {v, v) + 2(/i, v) = 2 + 2(/z, j/) > 0. 

Therefore /i + f is not a weight of V^ '' by Section 14.31 □ 

Remark 6.14. Assume that the parameters h, h p are as in p. 91) . Since 7 belongs 
to Te(K), it acts on any integrable st^-module. Let denote the trivial ^-charge. 
The 7-action on the representation of sli on T m ,t of level 1 takes T^J onto -T 7 ^. 
Indeed, since 7 is a cocharacter of Tg the formula (14.5[) yields the following equality 

7(^°J)=7(^ iM) 
= 7(^N]) 

Here the upper script ' is as in f|6 . 16|) . Therefore, by Section [4.61 we are reduced to 
check the following identity 

1 l ~ X 

p=l 

Recall that 7 = — ^ X)p=i (^p — w o)- Thus the claim follows from the formula 
(jPJt for the 6^-action on t| © Cw © O. 



Appendix A. Reminder on Hecke algebras 

A.l. Affine Hecke algebras. The affine Hecke algebra of type GL n with param- 
eter C e C x is the C-algebra H<(n) generated by the symbols X\, X 2l ■ ■ ■ , X n , 
Ti, T2, ■ ■ ■ , T„_i modulo the defining relations 

•Y..Y, A, .V,. l<i,j<n, 
TjXj = Aj-Tj, j =£i,i + l, 
TiXiTi = CX i+1 , l<*<n-l, 
(^ + 1)^-0=0, l<i<n-l, 
TiT^TjTi, \i-j\>2, 
T. l T. l+1 T. l =T i+1 T i T i+ll l<i<n-2. 

For i" C {1, 2, . . . , n— 1} let Hf (J) C Hf (n) be the corresponding parabolic subalge- 
bra. It is generated by the elements Ti, X,- with i e I, j = 1, 2, . . . , n. For a reduced 
expression w — s^Sfa • • • Si k of an element w (E & n we write T w = T i± T i2 ■ ■ ■ T ik . We 
abbreviate Tjj = T Si . . Let Dj be the set of minimal length representatives of the 
left cosets in ©„/©/. We'll abbreviate Dx t j — DJ 1 n Dj. For x G Dj j the map 
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defines a length preserving homomorphism. Hence there is a C-algebra isomorphism 
H f (/na;J) ->H c (ar 1 Jn J), T w >-> T x -i wx , Xj ^ X x - 1{j) . 

Let 

Rep(Hf (a; -1 / n J)) -> Rep(H^(7 n xJ)), M^ X M 
be the corresponding twist functor. The following is well-known. 

Lemma A.l (Affine Mackey theorem). Let M E Rep(H^(J)). The module 

admits a filtration with subquotients isomorphic to 

Ind^f *Res^ J) lr n (M), 

one for each x G Djj. The subquotients are taken in any order refining the Bruhat 
order on D[^,j. In particular we have the inclusion 

A. 2. Cyclotomic Hecke algebras. The cyclotomic Hecke algebra H^(n,£) asso- 
ciated with T„ and the parameters C, v\, V2, ■ ■ ■ , vt £ C x is the quotient of H^(n) 
by the two-sided ideal generated by the element 

(X 1 -v 1 )(X 1 -v 2 )...(X 1 -v e ). 

We'll denote the image of the generator X\ in Hf(n, £) by the symbol To. For a 
subset I C {0, 1, . . . , n — 1} we dchne T/ C r„ as the subgroup 67 if ^ I, or as 
the subgroup generated by S/\{o} an d {71; 7 £ T} else. This yields all parabolic 
subgroup of r„. We consider also the parabolic subalgebra H^(7, £) C Hf(n, £) 
which is the subalgebra generated by the elements Tj with i £ I. To unburden the 
notation, we abbreviate 

H(r n ) = H c (n, £), H(6 m ) = H f (m), H(r 7 ) = H C (J, £). 

For r > and I = {0, 1, . . . , n + mr — 1} \ {n} we write also 

H(r„ >mr ) = H(r/). 

A. 3. Induction/restriction for cyclotomic Hecke algebras. We'll abbreviate 
H Ind„ = Ind^r^), H Res„ = Rcs^"^, 

H Ind„ ;(m r) =IndH(p^; ) ) ) , H Res„ i(m r) = Res^p^™^, (A.l) 



H Ind _ Ind H(r„ +mr ) Hr R H(r n+mr ) 



We write also 

H Ind (m ,) = H Ind|r : Rep(H(6^)) -> Rcp(H(6 mr )), 
H Rcs (m , ) = H Res|r : Rep(H(6 mr )) -> Rep(H(6^)). 
Now, we consider the Mackey decomposition of the functor 

H Res„ +m o H Ind„, m : Rep(H(r„, m )) -> Rep(H(r„ +TO _i)). 
A short computation shows that a set of representatives of the double cosets in 

~^n+m— 1 \ r n + m /r n . m 

is {7n 

; 7 £ T}. For 

I = {0, ...,n + m- 1} \{n- l,n}, J = {0, . . . , n + m - 2} \ {n - 1} 



HEISENBERG AND CHEREDNIK 



55 



we have 

H(Tj) C H(r„, m ), H(Tj) = H(r n _ lim ) c H(T n+m _i). 

Further, there is an algebra isomorphism 

<p : H(r, 7 ) -> H(rj), T w ^ T sws -i , X, ^ X sl , 

where s = s n s n +i ■ ■ ■ s n + m -i- For each i, p we write Xf = {Xi) p . We have the 
following decomposition. It is well known in the case m = 1, see e.g., |191 lem. 5.6.1] 
in the degenerate case. 

Proposition A. 2. (a) We have an isomorphism of H(r n + m _i) -modules 
H(r„ +TO ) = H(r ra _|_ m _i) Tj tn+m Xj. 

(b) We have an isomorphism of (H(r„ +m _i),H(r n>m )J-6wnoc#uZes 
H(r„_|_ m ) = H(r, i+TO _i H(r n , m )© H(r 

0^p<l 

(c) There are isomorphisms of (H(r, i+TO _i), H(r„. m )) -bimodules 

i) ?ri,n+mH(r„ : „ l ) — H(r„ +m _i) <8>H(r n _i, m ) 
H(r„+ m _i) X n+m H-(T„, }m ) = H(F n+m _i) ®H(r„ im „i) H(r„ jm ), 
where the algebra homomorphism H(r„_i. m ) —5- H(r„. m ) is given by if. 

Proof. Part (a) is standard, see e.g., [HI lem. 5.6.1] in the degenerate case. Let us 
concentrate on (6). Write tj^ = TjTj^i ■•■Tj for 1 ^ i ^ j, and tjj = 1 for i > j. 
By (a) we are reduced to prove the following identities 

H(r„ +m _i) tn+m-ijXj = H(r„ +m _i) tn+m-l,n H(r„ jm ), (A. 2) 

H(r n+m _i) < n+m _ijXj = H(r ra+m _i) x% +m H(r„ >TO ). 

0<p<^n<j<n+m 0^p<£ 

(A.3) 

We have 

lp{u), u e H(r„_i, m ), (A.4) 

because for i = 1, 2, . . . , n — 1 and j € J \ {0} we have 

Hence, by (a) the right hand side of (IA.2I) is 

= ^Pi'+'n-l) ^i>+ra-l,n H(r;) f„_ij Jj, 

= CO H(r n ^ m _i) H(r n „i im ) ^n+m — l.n tn—l,j Xj \ 

= CO CO H(r n ^ m _i) t n j rm —\_j x^ . 

0^p<£ l^jsgri 

This proves the first identity. Next, a short calculation involving the relation 

X j+l T j ~ T j X j G C [ X J> X j+l] 

proves that the sum 

H(r„ +m _i) t n _)_ TO _i j-Xj 
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is indeed a direct sum, i.e., it is equal to the left hand side of (|A.3|) . Thus the 
identity (| A.3|) follows from the following equalities 

H(r„ +m _i) x^ +m n(T n<m ) = ^2 H(r„ +m _i) x% +m T jJl+m 

= ^ ] n(r n _)_ m _i) x^ l j t _ m t ra _)_ m _i ) j 

= ^2 H(r„ +m _i) t n +m-\ ,jXj. 

Finally, let us prove (c). The second claim is obvious because 

H(r n _|_ m _i)jf n _|_ m H(r„ )m ) = x^ +m H(r n+m _i)H(r„ jm ) = H(r„ +m _i)H(r„ im ) 

as (H(r„ +m _i), H(r„, m ))-bimodules. For the first one we define a map 

(U,V) I ^ tlt I1+m _i, n i). 

By (|A.4I) it factors to a surjective homomorphism 

ip : H(r„ +m _i) ®H(r„_i_ m ) H(r„^ m ) — > H(r n+m _i) T nyn + m H(r„ im ). 
By (a) the left hand side is a free H(r n+m _i)-module on basis 

1 ® tn-uXj, 1 < j < n, < p < £ 
But ^ maps these elements to 

Further, the latter form a H(r il+I „_x)-basis of the right hand side by (a) again. 
We are done. □ 

Appendix B. Reminder on C-Schur algebras 

B.l. The quantized modified algebra. Let v be a formal variable. The quan- 
tized modified algebra U(n) of Ql n is the associative Q(w)-algebra with generators 
Ei, Fi where i = 1, . . . , n — 1 and 1a where A £ Z™, with the defining relations [331 
sec. 23] 

• 1a1/j = <5a^1a, 

• ^i-^j' ~ FjEi = Sij Y^xi^i ~ A,+i]1a, 

• -EjIa = l\+anEi, 

• Ia-P; = -FilA+Qi, 

• EiEj = E J E l if i ^ j ± 1, EfEj ~{v + v-^EiEjEi + EjEf = else, 

• FiFj = FjFi if i j£ j ± 1, if - (v + v-^FiFjFi + F 3 F? = else, 

where [m] is the usual u-analogue of m for any m G N. The comultiplication of 
U(n) is the Q(w)-algebra homomorphism 

A : U(n) [] (U(n)lA ® U(n)l*) 

A, A' 



given by 

• A(1 A ) = IL=V+A» IV ® 1 
[a=A' + A 

(a=a'+a 



• A(£?il A ) = n A = A '+ A »(^lA' ® 1 A » + « (a " A,) l A , ® BjlvO, 

• A(F1 X ) = U x=x , +x „(Flx> ®v-^' x "h x „ + ly ® F t l x „). 
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Set A = Z[v,v ]. The integral quantized modified algebra is the ,4-subalgcbra 
U^(n) C U(n) generated by the 1a 's and all quantum divided powers E^ , F- d \ 
The comultiplication yieds an ,4-algebra homomorphism — > U^t 0^ U^. For 
e G C x we consider the C-algebra 

U e (n) = lU(n) ® A C[v, «-*]/(« - e). 

For V, V € Rcp(U e («)) let s v ,v '■ V ® V -> V (8> V be the permutation u <g> u' H> 
v' <S>v. The R-matrix is a C-linear endomorphism i?y,y of V (g> V' such that the 
composed map 

"R-v,v — s v,v ° -Rv,v 
is an isomorphism of U e (n)-modules V®y' — > V'® V. The map Ry.v decomposes 
in the following form 

r v ,v>{v®v') = r{v®v'), i? = ne, 

n = l[v-^l x ®l x ,, 9 G IJ(U e (n)lA®U e (n)l A /). 

A, A' A, A' 

The notation is chosen to agree with [531 sec - 32]. We call R the universal R- 
matrix. To avoid confusions we may write R e for R. We'll write JZv,v again for 
the braiding of right U e (n)-modulcs V, V . If e is a primitive 2d-th root of 1 then 
we have e d = (— 1) . Hence the quantum Frobenius homomorphism [231 sec. 35.1] 
is the unique C-algebra homomorphism 

Fr:U e (n)^U ( _i)<*M 

such that 

• ¥r(E\ m) \ x ) = E\ m,d) l x/d if m G dZ and A G dZ n , and otherwise, 

• Fr(i^ (m) l A ) = F} m/d) l x/d if m G dZ and A G dZ n , and otherwise. 
The formulas in [53J sec. 3.1.5] imply that 

AoFr = FroA. 

Proposition B.l. We have (Fr <g)Fr)(fl e ) = R { - iy = l\x,X'(- 1 ) d(X ' X ' ) ( l x ® U')- 

Proof. To avoid confusions we'll write O c , fi £ for 9, ft. If n = 2 the proposition 
follows from the formula [53] sec - 4.1.4]. More precisely, since 

k 

®* = n ^(-i) fc e~ fc(fc - i)/2 w^ (fe) iA ® i? w iv, {fc} £ = - o, 

A, A' fc^O i=l 

we have the following formula 

(Fr®Fr)(9 e ) = JJ(1 X ®1 V ). (B.l) 

A, A' 

Further, in Ur_]w(n) ® U(_i)«j(ti) we have also 

(Fr®Fr)(fI e ) = J](-l) d ( A ' A ')(l A ® (B.2) 

A, A' 

and 

e M) , = JJ(i A ®iv), Q ( _i)- = n(- 1 ) d(A ' A ' ) (iA®iv)- (B.3) 

A, A' A, A' 

This proves the formula for n — 2. Now, let n be any integer ^ 2. The braid group 
of & n acts on U e (rt) via the operators T" x , T£ x , . . . , T//_ 1 j in [53J sec. 41]. For 
i = 1, 2, . . . , n — 1 we set 

Sl = T(' A ® T/; 17 ij£ = ^(-lfe-^- 1 )/ 2 ^}^ ® >. 

k^Q 
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For a reduced decomposition Si 1 Si 2 ■ ■ ■ Sj r of the longuest element in & n , the uni- 
versal R-matrix is given by the following formula, see [I3J thm. 3], 

O e = J] § € (l x ® 1 A 0, e = Sr 1 . . . S-'Sr 1 ^) ■ ■ • Sr 1 {6^)6^. 

A, A' 

Thus (|R3l) yields 

A, A' 

Since the braid group action is compatible with the quantum Frobenius homomor- 
phism, see [331 sec - 41.1.9], by (|B.1[) we have also 

(Fr®Fr)(9 e ) = JJ(1 A ®1 A ,). 

A, A' 

Finally, a direct computation yields 

(Fr0Fr)(n £ ) = J] (-1)^') (1 A ® 1 A ,) = n ( _ 1)tf . 

A, A' 

This proves the proposition. □ 
Remark B.2. It is proved in |23[ prop. 33.2.3] that the assignment 

Edx ^ (-ly^'-^Edx, Fdx h> 1a _> 1a 

yields a C-algebra isomorphism Ui(n) — > U(_ 1 - ) d(n). Thus we can regard Fr as a 

map U e (rt) — > Ui(n). Note that the isomorphism above does not commute with 
the comultiplication. 

B.2. The C-Schur algebra. The w-Schur algebra S(n,m) is the associative Q(v)- 
algebra with 1 generated by Fj, Fi where i = 1, . . . ,n — 1 and by 1a where A G 
A(n,m), modulo the defining relations [5J thm. 2.4] 

• 1a1 m = ^a.juIa, Sa 1a = 1, 

• EiFj — FjEi = Sij J2xi^i ~ ^*+i]1a) 

• Edx = Ix+ctiEi if A + ai e A(n, m), else, 

• lxEi = Edx-oti if A — «i e A(n,m), else, 

• F;1 A = lA-ai-Fj if A — aj G A(n,m), else, 

• Ia-Fj = Fjl A +a s if A + ai E A(n, m), else, 

• EiEj = EjEi if i j ± 1, F?Fj - (u + v~ 1 )E i EjE l + FjF? = else, 

• FjFj = Fj.Fi if * ^ j ± 1, F?Fj - (v + y-^F.FjF, + F 3 F? = else. 

The integral u-Schur algebra is the .A-subalgebra S_a(ti, m) C S(n, m) generated 
by the 1a 's and all quantum divided powers F| , F^ d \ In other words, we have a 
canonical isomorphism 

S A (n,m) = l m U w4 (n)l m , l m = ^ 1a- 

AeA(n,m) 

The comultiplication of U.4 (n) factors through an ,4-algebra homomorphism 

A:S A {n,m)-> S A (n,m') ® 8,1(71, m"). (B.4) 

For C, e G C x with £ = e 2 we consider the C-algebra 

Sf (n, m) = S A (n, m) ® A C[v, V 1 ]/ (v — e) 
= l m U e (n)l m . 
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Indeed S^(n, m) depends only on £ and not on the choice of e. If C is a primitive d-th 
root of 1, we choose e to be a primitive 2d-th root of 1. Then the quantum Frobenius 
homomorphism Fr : U e (n) — > Ui(n) factors through a C-algebra homomorphism 

Fr : S^(n,dm) —> Si(n, ro). (B-5) 

Note that we have used the identification U V_iw(n) = XJi(n) in Remark IB. 2 1 

B.3. The module category of S c (n,m). For A E Z™ let A^,£^ 6 Rep(U e (n)) 
denote the Weyl module and the simple module with highest weight A. Set 

A(n, m) + = A(n, m) n Z" . 

The category Rep(S^(n,m)) is equivalent to the full subcategory of Rep(U e (n)) 
consisting of the modules such that all constituents have a highest weight in the set 
A(n, m)+. It is quasi-hereditary with respect to the dominance order, the standard 
objects being the modules Af with A £ A(n, to)+. Here, for A E A(n, m)+, we 
write 

A A — ^Ai Lf=L?, 
regarded as objects in Rep(S^(n, m)). 

B.4. The Schur functor. Assume that n ^ m. There is a C-algebra isomorphism 
sec. 11] 

H c( m ) = f s (( n , m ) f, f = 1(1-0"—)- 
Thus the vector space Tf (n, m) = S^(n, m)/ is a (S^(n, m), H^(TO))-bimodule, and 
Vf(n, rn) = /S^(n, m) is a (H^(m), Sf(n, m))-bimodule. Consider the triple of 
adjoint functors (<&i, $*, $*) 

: Rep(S c (n,m)) -> Rep(H c (m)), M i— > /A/, 
: Rcp(H c (m)) ->■ Rep(Sf (n, to)), A^ i-> Hom Hf ( m )(Vf (n, to), AT), 
$1 : Rep(H c (m)) Rep(S c (n, m)), M i-» T f (n,m) <g> H< (m) M - 

We call $* the Schur functor. It is a quotient functor, i.e., it is exact and the counit 
$* $„ — >• 1 is invertible. The double centralizer property holds, i.e., we have 

S c (n,m) =End H< ( m )(V c (n,TO)). 

Equivalently, the functor $* is fully faithful on projectives, or, equivalently again, 
the unit P — > $* <&*(P) is invertible whenever P is projective. See [27l prop. 4.33] 
for details. Since $* is a quotient functor, the functor $t takes projectives to 
projectives and the unit 1 — > is an isomorphism of functors. For m = to' + to" 
the comultiplication (|B.4[) yields a functor 

® : Rep(S c (n,m')) ® Rep(S c (n, m")) Rep(S c (n, to)). (B.6) 

We'll abbreviate H Ind m >, m » = Ind^™^^^. 

Proposition B.3. (a) We have a (S^(n, to), H^-(to') <S> H^(m,"))-bimodules iso- 
morphism can : Tf(n, m')<g)T c (n, m") -> T c (n, m). For M' E Rep(H c (m')) 7 M" E 
Rep(H^(m")) t/ie map can yields an isomorphism 

can : $, ( H Ind m -, m » (M' (g) M")) -> $i(M')®$i(M"). 

ffe) VFe /iave an isomorphism of (H^(to') <8> H^(m"), S^(n, m))-bimodules can : 
V c (n,m')®V c (n,TO") -> V c (n,m). For M' E Rep(H c (m')), M" E Rep(H c (m")) 
t/ie map can yields an isomorphism 

can : $. ( H Ind mVm »(M' g> M")) -> $*(M / )®**(Af"). 
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Proof. By definition T^(n, to) is the v-tensor space in [51 def. 2.6]. According to [5J 
sec. 3.3, 4.4] it is identified with the m-th tensor power of the natural representation 
of the (modified) quantized enveloping algebra of in such a way that the (re- 
action comes from the R-matrix, see also [16]. This proves part (a). Part (6) follows 
also by taking the dual spaces. □ 

Corollary B.4. We have an isomorphism 

can : H Ind m >, m « ($*M ; ® $*M") -> $*(M'®Af") 
/or M' € Rep(S c (n,m')) and M" G Rep(S c (ra, m")). 

Proof. For M' £ Rep(S c (n, to')) and M " € Rep(S c (n, m")), PropositionlFOlvields 
an isomorphism 

$* H Ind m%m »($*M' <g> $*M") = $«$*A/'®$*$*Af". 

Composing it with $* we get an isomorphism 

H Ind m / lTO // ($* Af' ® <$>*M") = $* ($*<!>* M' ®$*$*A/") . 

Composing it with the unit 1 —¥ we get a functorial map 

$*(M'®M") ->■ H Ind m%m »($*Af' ® $*Af") 

which is invertible whenever M', M" are projectives, because the unit is invertible 
on projective modules. Thus it is always invertible, because <£>* and H Ind m ', m » are 
exact and because there are enough projectives in Rep(S^(n, to)). □ 

B.5. The braiding and the Schur functor. For M' G Rep(H^(m')) and M" G 
Rep(H^(m")) the R-matrix yields an isomorphism of Sf(n, TO,)-modules 

^*,Af',*.Af" : $*Af'<x>$*AT" -> $*M"®$»M'. 

Let r G @ m be the unique element such that 

• r is minimal in the coset (& m ' x 6 m »)r(6 m » x 6 m '), 

• we have T~ 1 (& m i x 6 m »)T = & m » x © m '. 
We have the following formula in (to) 

T T (ft" <8 ft') = (ft' ® ft") TV, ft' G H c (to'), ft" G H c (to"). (B.7) 

Thus there is a unique functorial H^(TO,)-module isomorphism 

S m >,m» ■ H lnd m ^ m „{M' ® A/") ->■ H lnd m ,,^,(M" ® M') 

given by 

S M ',M"(h ® (i/ (8 «")) = ftT T <8 («" <8 i/), ft G H c (to), t/ G A/', u" G M". 

Proposition B.5. For A/' G Rep(H f (m')), M" G Rep(H c (TO")) the following 
square is commutative 

$* H Ind m ,, m „(M' <g> Af") ^^'-""l $< h i n d m „ m ,(M" AT') 



$*Af'<g>$*M" : >■ $*M"<g>$»M'. 

Proo/. We abbreviate H = H c (m), H' = H c (m'), H" = H c (to"), V = V c (n,m) 
V = Vf(n,m') and V" = VV(n, m"). First, we have a commutative square 



V",V 



VigiV ■ V'®V" 

can can (B.£ 

y T 

V ^ V 
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where the lower map is the left multiplication with T T . See [16j and the discussion 
in the proof of Proposition IB. 31 In particular, we have 

Kv»,v>{h"v"®tiv') = (/i"®/i')^v'',v' («W), V G V, v" G V", ft' g H', h" G H" 

Therefore, the composition by 72.v",v yields a linear map 

Hom H <®H»(V, M' ® M") = Ind ro /, m »(M' ® M") -> 

-> Hom H »» H '(V, M" ® M') = $* H Ind m », m ,(M" g M'). 

The commutativity of the square (|B.8[) implies that this map is equal to $*(<Sm\M")- 
It is easy to see that this map coincides also with lZ$ t M' ,$,M" ■ D 

Corollary B.6. For M' G Rep(S c (n, to')), m " G Rep(S c (n, to")) the following 
square is commutative 

TT 5** JVf/ IT)*)!//// TT 

Ind TO /, m » ($*M' ® $*M") : Ind m » im - ($*M" $*M') 



$*(Af'®M") * (TCa/, '"" ) ^ $*(M"<g)M') 



Proof. Use the same argument as in the proof of Corollary IB .41 □ 

Let r ^ 1 and i = 1, 2, . . . , r — 1. For M G Rep (H^ (to)) we consider the automor- 
phism of the H^(mr)-module H Ind( m r) (M® r ) given by 

H = H^m)®*" 1 ® H c (2to) ® H c (m)® r-< - 1 . ' ' 

For M G Rep(S^(n, to)) we consider the automorphism of the S^(n, mr)-modulc 
M® r given by 

K M ,i = l® i - 1 ®KM,M® 1 ® r ~ i ~ 1 - (B.10) 

Corollary B.7. For M G Rep(Sf (n, to)), r ^ 1 and i = 1, 2, . . . , i — 1 we have a 
commutative square with invertible vertical maps 

H Ind (m ,) $*(Af)® r > H Ind (m ,) $*(M)® r 



$*(M® r ) ■ $*(M® r ) 

B.6. The braiding and the quantum Frobenius homomorphism. Recall 
that if C is a primitive <i-th root of 1 then the quantum Frobenius homomorphism 
(|B.5P yields a functor 

Fr* : Rep(Si (n, to)) = Rep(S(_x)<i (n, m)) — >• Rep(Sj (n, dm)). 

Here we have identified S(_i)d (n, m) and Si(n, to) as in Remark IB. 2 1 Let to', to" > 
with to = to' + to". By Proposition IB. II for M G Rep(S(_iw(n, m)), M' G 
Rep(S(_ 1 )d (n, to')) the braiding operator 

is the composition of the permutation sm.w and of the operator 



rm.m' = n(- i ) !i(A ' v) ( i A®iA')- 

A, A' 
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Proposition B.8. For r ^ 1, i, j = 1, 2, . . . r — 1, and M G Rep(S(_ 1 )d (n, m)) ifte 
following relations hold in Endg ( d (n, mr ) (M® r ) 

• R-M,iTlM,j = A' \/. , /\ .\/., £/ j ^ i - + 1, 

• Km,!^M,!+1^M,! = 'R-M,i+l'R-M,i'R-M4 + l if i ^ r — 1. 

Proof. The first relation is obvious by definition of the braiding operator, see above. 
The other relations are consequences of the general properties of a braiding. □ 

Further, the functor Fr* is a braided tensor functor, i.e., we have the following. 

Proposition B.9. For M 6 Rep(S(_ 1)ti (n, m')), M' 6 Rep(S(_ 1 )<i(rz. ! m")) we 
have a functorial isomorphism Fr* : (M(g>M') = Fr*(M)<g)Fr*(M') m Rep(S ? (n, dm)) 

Proof. Obvious by Proposition lB.il □ 

B.7. The algebra Sf(m). We'll abbreviate S^(m) = S^(m, m). If n ^ m the 
algebra Sf(n,m) is Morita equivalent to Sf(m), see e.g., [6l lem. 1.3]. Thus ® can 
be viewed as a functor (choosing n m = ml + m") 

® : Rep(S c (m')) ® Rep(S c (m")) Rep(S c (m)). 

If C is a primitive <i-th root of 1 then the quantum Frobenius homomorphism can 
be viewed as a functor (choosing n ^ dm) 

Fr* : Rep(Si(m)) = Rep(S ( _i )d (m)) Rep(S c (dm)). 
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